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Chapter 1

Introduction to CoVis

1.1 What is computer vision

Computer vision deals with the automatic extraction of “meaningful” information from images
and videos, as shown in Figure 1.1. In this course we will deal only with geometric informa-
tion.

Semantic information Geometric information

Figure 1.1: Two types of information extraction

But why study computer vision? CoVis is useful for many goals, like relieving humans of boring
and easy tasks; enhance human abilities (human-computer interaction, visualization, augmented
reality); organize and give access to visual content; and (for us most important) perception for
autonomous robots. In fact in an Artificial system we have three phases: (...—) Perception
— Learning — Action (— Perception —...) and CoVis deals with perception problems.

1.2 Vision in humans

Vision is our most powerful sense. Half of primate cerebral cortex is devoted to visual processing.
Retina is ~1,000 mm?. It contains 130 million photo-receptors (120 mil. rods (low light vision)
and 10 mil. cones for color sampling) and it provides enormous amount of information: data-rate
of ~3GBytes/s.

To match the eye resolution we would need a 500 Megapixel camera. But in practice the acuity
of an eye is 8 Megapixels within a 18-degree field of view (5.5 mm diameter) region called
fovea.
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Sclera
From Front of the Eye to Back of the Brain

.

Latera| Ganiculate
- Nucleus {LGH)

Ciliary body

Figure 1.2: The human vision system

CoVis is hard because it deals with the question “How do we go from an array of number (digital
image) to recognizing an object?”.

CoVis research was born in the 60s, and one of the earliest articles was by L. G. Roberts
(Machine Perception of Three Dimensional Solids packet.cc/files/mach-per-3D-solids.html), a
Ph.D. thesis for the MIT Department of Electrical Engineering, published in 1963. Another
important publication was by the Artificial Intelligence group of MIT: in 1966 Semyour Papert
published The summer vision project.

1.3 Computer Vision vs Computer Graphics

What is the difference between Computer Vision and Computer Graphics? CoVis deals on how
to describe the world that we see in one or more images and to reconstruct its properties, such
as shape, illumination, and color distributions, so it is structured to solve an inverse problem:
recover some unknowns given insufficient information to fully specify the solution:

1mage processing
vision
—— | Geometry (3D) Photometry
Images (2D) shape # appearance
graphics

Computer Vision = Physics (radiometry, optics, sensor design) + Computer Graphics (3D mod-
eling, rendering, animation)


http://www.packet.cc/files/mach-per-3D-solids.html

Chapter 2

Visual Odometry

Intelligent systems require robust vision, characterized by feature invariance, good prior,
tractable representations, efficient learning and inference and model uncertainty.

Visual Odomentry (VO) is the process of incrementally estimating the pose of the vehicle by
examining the changes that motion induces on the images of its onboard cameras. It is based
on the idea that humans do not process all the information from the eye, but with them they
normally detect only the variations in the vision environment:

input

Image sequence (or video stream)
from one or more cameras attached to a moving vehicle

Ry, Ry, ... R;

Loy L1y L

Camera trajectory (3D structure is a plus)

But why VO? Contrary to wheel odometry (see MobRo course), VO is not affected by wheel
slippage on uneven terrain or other adverse conditions. It also leads to more accurate tra-
jectory estimates compared to wheel odometry (relative position error 0.1%-2%). VO can be
used also as a complement to wheel encoders (wheel odometry), GPS, inertial measurement
units (IMUs), laser odometry and it is crucial for flying, walking, and underwater robots

For VO we need 4 assumptions: sufficient illumination in the environment, dominance of
static scene over moving objects, enough texture to allow apparent motion to be extracted
and sufficient scene overlap between consecutive frames.

3
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2.1 A brief history of VO

1980: First known VO real-time implementation on a robot by Hans Moraveck PhD thesis
(NASA/JPL) for Mars rovers using one sliding camera (sliding stereo).

1980: First known VO real-time implementation on a robot by Hans Moraveck PhD thesis
(NASA/JPL) for Mars rovers using one sliding camera (sliding stereo).

1980 to 2000: The VO research was dominated by NASA/JPL in preparation of the 2004
mission to Mars.

2004: VO was used on a robot on another planet: Mars rovers Spirit and Opportunity (see
seminal paper from NASA/JPL, 2007).

2004: VO was revived in the academic environment by David Nister’s “Visual Odometry” pa-
per. The term VO became popular.

To a full introduction see:

e Scaramuzza, D., Fraundorfer, F., Visual Odometry: Part I - The First 30 Years and
Fundamentals, IEEE Robotics and Automation Magazine, Volume 18, issue 4, 2011.

e Fraundorfer, F., Scaramuzza, D., Visual Odometry: Part II - Matching, Robustness,
and Applications, IEEE Robotics and Automation Magazine, Volume 19, issue 1, 2012.

e C. Cadena, L. Carlone, H. Carrillo, Y. Latif, D. Scaramuzza, J. Neira, I.D. Reid, J.J.
Leonard, Past, Present, and Future of Simultaneous Localization and Mapping:
Toward the Robust-Perception Age, IEEE Transactions on Robotics, Vol. 32, Issue
6, 2016.

2.2 From SFM to VO

Structure for Motion (SFM) is more general than VO and tackles the problem of 3D re-
construction and 6DOF pose estimation from unordered image sets. We can see an example in
Figure 2.1.

Figure 2.1: Reconstruction from 3 million images from Flickr.com. Cluster of 250 computers,
24 hours of computation. Paper: Building Rome in a Day, ICCV’09



2.3. VO WORKING PRINCIPLE

VO is a particular case of SFM, that focuses on estimating the 6DoF motion of the camera
sequentially (as a new frame arrives) and in real time. Be careful though because terminology:

sometimes SFM is used as a synonym of VO!

SFM VSLAM

While VO focuses on incremental estimation/local consistency, another technique called Vi-
sual Simultaneous Localization And Mapping (V-SLAM) focuses on globally consistent

estimation.
V-SLAM = VO + loop detection + loop closure

The choice between VO and V-SLAM depends on the tradeoff between performance and consis-
tency, and simplicity of implementation. VO trades off consistency for real-time performance,
without the need to keep track of all the previous history of the camera (see Figure 2.2).

15 maps with 1505 features 15 maps with 1508 faatures
=met
: 5 P PR s 3 THoree

R i Sl

VO V-SLAM

Figure 2.2: VO vs V-SLAM

2.3 VO working principle
In this section we will illustrate the steps of VO computation:

1. Compute the relative motion T} from images I;_; to image [}:

Rijp_1 tpp—
Tk:[kgm kl{ 1]

2. Concatenate them to recover the full trajectory of 6DoF poses Cy:

Cn = n—lTn
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3. An optimization over the last m poses can be done to refine locally the trajectory (Pose-
Graph or Bundle Adjustment):

m — poses windowed bundle adjustment

But how do we estimate the relative motion 7}, (step 1)? We do it in this way:

Ty = arg mTin//ﬁp (I (7 (T - 77 (u,dy)) — Ii—1(w)] du

We have some direct methods for dense geometric reconstruction (see D. Cremers, Direct
methods for 3D reconstruction and visual SLAM, International Conference on Machine
Vision Applications, 2017) to simplify the the image alignment process. The direct image
alignment minimizes the sum of per-pixel intensity difference:

Ty k-1 = argmin L (u'y) = Te—a (Ul

(u' and u; are corresponding pixels in images I, and I;_,, respectively)

Dense Semi-Dense Sparse

DTAM [Newcombe et al. ‘11] LSD [Engel et al. 2014] SVO [Forster et al. 2014]
300’000+ pixels ~10’000 pixels 100 features x 4 x 4 patches
~ 2,000 pixels

SVO with a single camera on Euroc dataset

’SVO [Forster’14]

DTAM [Newcombe “11] REMODE [Pizzoli"14] LSD-SLAM [Engel'14] 100-200 x 4x4 patches = 2,000 pixels

300’000+ pixels ~10,000 pixels



2.3. VO WORKING PRINCIPLE

VO computes the camera path incrementally (pose after pose) as shown in the flowchart in

Figure 2.3.

Image sequence

Feature detection

Feature matching (tracking)

Motion estimation

2D-2D

30-3D

3D-2D

-~

Front-end

Local optimization

Back-end

>

o

= parses windowed bumlle sdnstment

Figure 2.3: VO Flowchart
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Chapter 3

Image Formation

3.1 Overview on optics

Historical context:

— Pinhole model: Mozi (470-390 BCE), Aristotle (384322 BCE)
— Principles of optics (including lenses): Alhacen (965-1039)

— Camera obscura: Leonardo da Vinci (1452-1519), Johann Zahn (1631-1707)
— First photo: Joseph Nicephore Niepce (1822)

— Daguerrotypes (1839)

— Photographic film (Eastman, 1888, founder of Kodak)

— Cinema (Lumiere Brothers, 1895)

— Color Photography (Lumiere Brothers, 1908)

— Television (Baird, Farnsworth, Zworykin, 1920s)

— First consumer camera with CCD: Sony Mavica (1981)

— First fully digital camera: Kodak DCS100 (1990)

The question behind the image formation study is “how are objects in the world captured in an
image?”.

object film

Figure 3.1: Naive approach

If we place a piece of film in front of an object, as shown in Figure 3.1, we don’t get a reasonable
image.

In computer graphics we have light-material interaction models (e.g. Shading model): to
have more photo-realistic view in computer graphics you need to compute those models, but
you need a powerful GPU for that, because you have to compute the reflection, refraction,

9



10 CHAPTER 3. IMAGE FORMATION

diffusion... of the light while interacting with the surface in w.r.t. the observer view point.
The 3D rendering of the image is hard to compute because there are many factor to take in
consideration:

L -
s
5 wgwt‘:ﬁ-‘b v ' i g - — = —
. SHEE. s
LR N RS T i i
/ erl ['m‘"a@bf& Loimera.
i/ o b Texbure
locel St e e nily
a‘[;!j&q'p" Snisde ¥ (o O;_U‘\,._-

Based on this model, the pinhole camera has been created. How we can project a 3D image
on that surface. The idea will be to “catch” only a small part of the light. In fact, in a pinhole
camera we add a barrier to block off most of the rays to reduce the blurring. Here the opening
is known as the aperture. If i want to increase the size of my viewpoint i have to increase my
hole i have to increase the aperture, but I will notice a worse blurring effect. In fact in an ideal
pinhole, only one ray of light reaches each point on the film, so the image can be very dim, but
making the aperture bigger makes the image blurry (see Figure 3.3).

object barrier film

Figure 3.2: Pinhole camera

Figure 3.3: Blurring problem

So the main solution, later on, was to catch all the needed lights with a lens (Figure 3.4). In
here a lens focuses light onto the film. Notice that the rays passing through the Optical Center
are not deviated. One of the parameter that we gave to take into consideration while processing
the image is the focal length f (Figure 3.5), the distance of the point where all the rays converge.



3.1. OVERVIEW ON OPTICS 11

Figure 3.4: Image formation using a converging lens

object @ Lens

A

Focal Point

Optical Axis

‘ Focal Length: /'
Figure 3.5: Converging lens model

So, let’s analyze a thin lens equation. We have the situation illustrated by Figure 3.6 and we
want to find a relationship between the focal length f, the distance object-lens z and the

distance film-lens e.

Object

o
-
~

*~. Focal Poin
—%

3
iy B
o
.

~

Image

Figure 3.6: Lens geometrical model

We have then the following equation, using similar triangles properties:

B e “Thin lens equation”
4 = e e 1 11
Eze_fzi_l f | f z e

4 f f

Any object point satisfying this equation is in focus. So, can we use this to measure distances?

For a fixed film distance from the lens eq, there is a specific distance between the object and
the lens, at which the object appears in focus in the image. The other points project to a “blur
circle” in the image, as seen in Figure 3.7.
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object @ Lgns film

Optical al Peint

| "Circle of Confusion”

I f | ] or
— i “Blur Circle”

Figure 3.7: Lens focus

For an object out of focus the blur circle has radius:

Lo
F=50

So a small L (pinhole) gives a small R (Blur Circle). To capture a “good” image we have
to adjust camera settings, such that R remains smaller than the image resolution. But what
happens if z >> f and z >> L7 We have what we call the Pin-hole approximation (Figure
3.8).

Focal Plane
Object Lens ; Object Lens
A T H‘Hh"“‘u H ) “\Focél Paint I T“H‘HH“‘ Focal Point
-] o e
H === A “.. -
| Tteeilln | B . C 1
: PR | Optical Center B
: : Image ;
! f ' i or f
- Center of Projection .
z e ) ! z

Figure 3.8: The Pin-hole approximation

So, we need to adjust the image plane such that objects at infinity are in focus. As the object
gets far, the image plan gets closer to the focal plane:

1 1 1 1 1
—=—-+4+-—o-~4+- f~e
f T f e

This is known as Pinhole Approximation and the relation between the image and object becomes:

/
U RV i)
h =z z
The dependence of the image of an object on its depth (i.e. distance from the camera) is known
as perspective. f/z is called scale ambiguity factor and determines the relation between
the 3D and the 2D projected image. To process the images and get this information (recovering
h from h') we need, for example, two images in parallaz (— visual odometry).

In electronic cameras the CCO chip/CMOS sensor distance from the lens is important in order
to maintain the focus on the object, so the glue that links it to the camera body has to be of
good quality and assure no movements:
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@‘Wicae =1 \
oAx T {‘ifcs"?/u 7
> oS The o ot

3.2 Perspective geometry

13

In image processing for controlling a robot, modelling explicitly the perspective effect is a big
problem (Figure 3.9: how can I detect the same object if way smaller to another because farther
or how can I know that the lines in a landscape does not converge in the vanishing point on the
horizon line?)

Figure 3.9: Perspective problems

But in the perspective projection, what is preserved? The straight lines are still straight. But

what is lost? Lengths and angles (see Figure 3.10).

Perpendicular?

Figure 3.10: Perspective projection lines




14 CHAPTER 3. IMAGE FORMATION

b

Parallel lines in the world intersect in the image at a “vanishing point” and parallel planes in
the world intersect in the image at a “vanishing line” (Figure 3.11). To process those “infinite”
points represented in the perspective figures we cannot use Euclidean geometry.

Vertical vanishing Vanishing Point | r:lanishing Point
point Vanishing Line
(at infinity)
Vanishing
line
°
Vanisrhing Vanishing
point point

Figure 3.11: Vanishing points and lines

Let’s consider a straight line I in an image and a point « on it.

m2Dz=[r yTandl=[a b . We know that x €l <= ax + by +c = 0. So, the 2D
algebraic line eq. is equal to his Cartesian representation, so we can write:

ax+by+c=1[a b -z y )'=1"z y 17'=1"-]xz 1]7=0
We know that [ 1]7 is the homogeneous vector of the point x. So:
e F=0=X" [z 1] ¥YAeR — - Dx N =0

So, as we can see, we are able to treat the scale factor ambiguity thanks to the homogeneous
vector: we just need to divide the first two rows (vector Ax) for the third row (\) and we
obtain the original point. We define then the 2D homogeneous points projective space as
P2 =R —(0,0,0)”. So we will have:

2D points (pxl. coords in an image) x=(x y)T where (z,y) € R
2D homogeneous points z= (& ¢ w)?’ where (Z,7,) € P?
z
T % y_ S
@5 — perspective propjection — h' = =h
z
y= =
w

So we can rewrite the previous equation like this:

g=[x 5 @7 l=[a b 7 zcl = "eg=2"1=0

We can then express a normal vector with different notations:
I = (fg;ny; d)' = (R, d) with ||7|| = 1.

or, setting 7 = (cos @;sin#)”, we can express it like:

(f, d)” Polar coordinates

The line at infinity is the one that contains all the (ideal) points at infinity and it cannot be
normalized:

m = (0,0,1)7
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— Intersection and join operators:
We said that the point @ lies on the line I if and only if & = &1 = 0.

We define also an intersection operator that allows us to find the intersection of two lines I
andl'isz=1x1"
1 7 k +(lalf — 1513)
l x l/ = ll lQ 13 = —(lllg — llllg)
bty B |l — )

Let’s see an example : compute the point of intersection of the two lines I and m in the figure
below:

1 . 1:(—01\ (_01\ x:lxm:{j
\ 2 ) =

2 o is the point (2,1)

We can also “define” a join operator that returns the line joining two points  and x':
l=xzxa
That’s the same computation but with points instead of lines!

Let’s notice that in the case of an intersection of parallel lines if I = (a,b,c¢)” and I' =
(a,b,¢)T then

i j k b — be b(cd —¢)
Ixl'!=la b c|=|—(ad —ac) | = | —a(d —¢)
a b ¢ ab — ab 0

So we have a point  in the form I x I’ = (x;9;0)7 — we have a point at infinite (€ l). .

We can also say that our peojective space is P? = R?Ul,, — in P? there is no distinction between
ideal points and other.

So, if we want to compute the join of 2 points (the line passing through the two points) we just
do:

Y2 — U
l ~ :if1 X :52 = [.731 Y1 1]T X [1’2 Y2 1]T = T — I = [a b C]T

equal up to a T1Ts — Toyl
scale factor

Let’s consider the case of a point at infinite (w = 0):
z=107 5 =0T >z=[F/w §/u’ =0 ool
We can notice that, taking a random point at infinite:
oo =[-b a 0T 2Ll =[-b a 00 0 1]T=0

We can have a model for the projective plane (Figure 3.12) in which we can notice exactly
one line through two points and exactly one point at intersection of two lines.
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v |

Figure 3.12: Model for the projective plane

Let’s notice that there is a relation about points, lines and homogeneous coordinates:

point <= line
x <— 1
xIl=0 — 1Tx=0
x=Ixl < l=xxx

Duality principle: To any theorem of 2-dimensional projective geometry there corresponds a

dual theorem, which may be derived by interchanging the role of points and lines in the original
theorem.

There is a link between the field of view and the focal length, as shown in Figure 3.13.

w2
b/2 /
@)
e-w o W0,
tan§ =27 or f= 5 [tan 2]

Figure 3.13: Field of view (), diameter of lens (I¥), the distance object-lens (Z) and the focal
length (f)
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3.3 Digital cameras

In digital cameras the film is substituted by a sensor array, that is often an array of charge
coupled devices in which each CCD/CMOS is light sensitive diode that converts photons (light
energy) to electrons (see Figure 3.14).

Camera .
Tradiance Optics »  Aperture #»  Shutter
Camera Body
- Sensor | Gain A/D RAW .
" |(CCD/CMOS) | (ISO) - o
Sensor chip
> Demosaic »  (Sharpen)
i JPECG
L White H»= Gamma/curve - Compress >
Balance
DSP

Figure 3.14: Image sensing pipeline, showing the various sources of noise as well as typical digital
post-processing steps.

We will consider images in a matrix form like shown in Figure 3.15.

Pixel Intensity with 8 bits

ranges between [0,255] ) width
" 500

i=1

im[176][201] has value 164 im[194][203] has value 37

NB. Matlab coordinates: [rows, cols]; C/C++ [cols, rows]

Figure 3.15: Digital image characteristics

Regarding the color sensing in digital cameras, we have to know that the color sensor in the
camera is built respecting the Bayer pattern (invented by Bayer in 1976, who worked at
Kodak), a pattern that places green filters over half of the sensors (in a checkerboard pattern),
and red and blue filters over the remaining ones (See Figure 3.16).

This is because the luminance signal is mostly determined by green values and the human visual
system is much more sensitive to high frequency detail in luminance than in chrominance.
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l — Incoming Light

—— Filter Laver
— Sensor Array

— Resulting Pattern

Figure 3.16: Bayern pattern sensor disposition and functioning

For each pixel, the sensor estimate the missing color components from neighboring values
(demosaicing):

There is also another chip design: the Foveon chip design (http://www.foveon.com), that stacks
the red, green, and blue sensors beneath each other but has not gained widespread adoption.

So, in the end, we have an image that is created from three monochromatic images, as seein in
Figure 3.17.

Color images:
RGB color space

... but there are
also many other
color spaces... (e.g.,

Figure 3.17: RGB color space

3.4 Perspective camera model

We want to use a camera as a sensor. For convenience, the image plane is usually represented
in front of C' (see Figure 3.18) such that the image preserves the same orientation (i.e. not
flipped). Note: a camera does not measure distances but angles! — a camera is a “bearing
sensor”. In fact you have two angles: azimuth (¢) and elevation. To have a depth sensor we
need a second cameral
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Z, = optical axis

Image plane

C = optical center = center of the lens

Figure 3.18: Perspective camera

But how to pass from world to pixels coordinates? The goal is to find the pixel coordinates
(u,v) of point P, in the world frame. We need 3 steps:

0. Convert world point P, to camera point P, through rigid body transform [R|T]

1. Convert P, to image-plane coordinates (x,y)

2 Convert (x,y) to (discretized) pixel coordinates (u,v)

Step 1. Convert F, to F,

First we compute from the camera frame F. to the image plane F,. The camera point P, =
(X¢,0,Z.)T projects to p = (x,5)” onto the image plan. Then, from similar triangles:
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P=(X:, 0, Z)T

(R
p
Z
- X/TXC

<« 0

f Image Plane
z X. X
—=—"x=f——
f- 7 2.

Similarly, in the general case:

Y, Y,
Y_Ze y—jf=c
f Z Ze

Step 2. Convert F,. to F,

Then we pass from the camera frame F,. to pixel coordinates F,. To convert p from the local
image plane coords (x,y)” to the pixel coordinates (u,v)”, we need to account for:

e The pixel coordinates of the camera optical center O = (ug, vo)”
e Scale factors ky, k, for the pixel-size in both dimensions:

X
u:u0+kuaz—>u:u0+k‘uf76
C

v:vo+kvy—>vzvo+k‘vf76
(&

Then we use homogeneous coordinates for linear mapping from 3D to 2D, by introducing an
extra element (scale):

0.0) u Image plane
\;
[ WALV
=Moo/ X,
y
u U
o= (%) o= (1) - s
v -
w 1

So we have:

Xe

Y,
U:’Uo—i-kvfic
C
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Image plane (CCD)

Expressed in matrix form and homogeneous coordinates:

Au kof 0w X,
M)l =10 kf v Y.
A 0 0 1 Z,
Or alternatively:
\u a, 0 wu X Xc
M) =10 a v Y.| =K |Y.
A 0 0 1 Ze Ze.

K is called the “Calibration Matrix” or the “Matrix of Intrinsic Parameters”. w and v are
the focal length in pixels.

Sometimes, it is common to assume a skew factor (K12 # 0) to account for possible misalignments
between CCD and lens. However, the camera manufacturing process today is so good that we
can safely assume K19 = 0 and o, = ay,.

Step 0. Convert F, to F.

Now we can finally add the conversion from the world frame to the camera frame:

X ri1 riz riz| (X

w x
YC = [7r21 T92 T23 Yw + ty —
Ze r31 732 T33] \Zw ts
X X
Xe i ri2 T3 |l Yw Yw
— }/c = [(T21 T22 T23 |ty w = [R|T] w
Zy Zy
Ze r31 T3z 133 |t
1 1
So we can have the so-called Perspective Projection Equation:
X
u X, U Yw
Mol =K|Y. — A v | = K[R|T] Zw
1 Ze. 1 1w
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3.5 Lens distortion

Lens causes distortions on images. Radial distortions (Figure 3.19) in images shoot with
lenses are very common and have to be taken in consideration.

Mo distortion Barrel distortion Pincushion

Figure 3.19: Radial distortions

The standard model of radial distortion is a transformation from the ideal coordinates (u,v)”

(i.e., undistorted) to the real observable coordinates (distorted) (ug,vq)?.

The amount of distortion of the coordinates of the observed image is a nonlinear function of
their radial distance. For most lenses, a simple quadratic model of distortion produces good
results:

()= (3 200) + ()

where 72 = (u — up)? + (v — vo)?

Depending on the amount of distortion (an thus on the camera field of view), higher order
terms can be introduced:

(ud) = (14 k17 + kor* + ksr9) (“ - “0) + (“0)
Vd vV — Vg Vo
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Summary: Perspective projection equations
® To recap, a 3D world point P = (X,,, Y., Z,)T projects into the image point

p = (u,v)"
u i(/w aw 0w
p=XA| v | =KR|T] Zw whereK=| 0 o, wo
1 1w 0 0 1

and A is the depth (A = Z.) of the scene point.

® If we want to take into account the radial distortion, then the distorted
coordinates (ug,vq)” (in pixels) can be obtained as

(v ) =aemy (B )+ ()

r? = (u—uo)® + (v —w)?

where

See also the OpenCV documentation: docs.opencv.org/2.4.13.3/modules/calib3d/doc/camera.-
calibration_and_3d_reconstruction.html

Exercise 1 Determine the Intrinsic Parameter Matrix (K) for a digital camera with image
size 640x480 pixels and horizontal field of view equal to 90deg. Assume the principal point in
the center of the image and squared pixels. What is the vertical field of view?

Exercise 2 Prove that world’s parallel lines intersect at a vanishing point in the camera image:

Vertical vanishing

point
(at infinity)
Vanishing
line
" —
Vanishing Vanishing
point

point



http://docs.opencv.org/2.4.13.3/modules/calib3d/doc/camera_calibration_and_3d_reconstruction.html
http://docs.opencv.org/2.4.13.3/modules/calib3d/doc/camera_calibration_and_3d_reconstruction.html
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Chapter 4

Image Formation II: Calibration

We have the perspective camera model (see Chapter 3) and we can also generalize it to generic
camera model or unit sphere camera model, but still single view camera (a single center
of projection).

o Olwows DA
s PM WNovadey o2
coniliraldy

g.u/\»d‘{_ toyral
p~kleit]
3 3k 3 3x|

p - 3pOF
+: 3DOF

Jf= 0 ug
Intrinsic parameters: [0 f, g

0 0 1

If we don’t know the intrinsic parameters we call the camera uncalibrated (we will see cali-
bration also for uncalibrated cameras)

4.1 Non-linear algorithms: P3P and PnP for calibrated cameras

4.1.1 DLT from general 3D objects

So, let’s see how the pose determination depends by the number of n points of projection (PnP
Problem).

Given known 3D landmarks in the world frame and given their image correspondences in the
camera frame, determine the 6DOF pose of the camera in the world frame (including the in-
trinsinc parameters if uncalibrated):

25
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Camera

Image

world

/“V—\_: 3D Landmarks
.

So, we said that with our previous model we have only onepoint of projection. We can ask
ourself then: how many points are enough?

e 1 Point: infinitely many solutions.
e 2 Points: infinitely many solutions, but bounded.
e 3 Points: (no 3 collinear) finitely many solutions (up to 4) — P3P problem.

e 4 Points: Unique solution

Let’s see:

— 1 Point: infinitely many solutions (classical projection) all along the line:

— 2 Points: infinitely many solutions, but bounded by the segments shown here below:
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— 3 Points: (no 3 collinear) finitely many solutions (up to 4) — when you move to three points
you fall in what is called P3P problem:

Image ¢’
Plane

In Euclidean geometry, Carnot's theorem states
that the sum of the signed distances from the
circumcenter D to the sides of an arbitrary
triangle ABC is DF+ DG+ DH =R+,

where = is the inradius and R is the
circumradius of the triangle

> [ From Carnot’s Theorem:

s2=1[%+1%—2LyLpcosfap

Sf = L% + LZC - ZLBLC cos BBC

s2 =15 +41%— 2L L cos By

So these 3 equations show a relationship that links the distances from the three point in the
world frame to the center of the camera L4 pc with the angles 045 Bc ac and the distance
between the points s1 23 (the points in the world, not the one projected in the image plane!).
So, from the equations appears that the angles 6 between the points can be computed knowing
the distances s between the image points. In fact, if you know the focal length, you can use the
model that we saw in Chapter 3.

Now we will show the algebraic approach (Fischler and Bolles, 1981) used to reduce those
three equations to a 4th order equation:

e It is known that n independent polynomial equations, in n unknowns, can have no more
solutions than the product of their respective degrees. Thus, the system can have a
maximum of 8 solutions.

e However, because every term in the system is either a constant or of second degree, for
every real positive solution there is a negative solution.

e Thus, with 3 points, there are at most 4 valid (positive) solutions.

e A 4th point can be used to disambiguate the solutions.

By defining « = b/a, it can be shown that the system can be reduced to a 4th order equation:

Go+ Gz + Goz? + Gsa® + Guz* =0
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So we can conclude with what we already anticipated:
— 4 Points: unique solution

It is important to note that using more points (n > 4) is faster.

If we see an application to Monocular Visual Odometry, we can notice how we can implement
the camera pose estimation from known 3D-2D correspondences:

Keyframe 1 Keyframe 2 Current frame
vf Y ewrP(eyframe

Initial point cloud New triangulated points

4.2 Linear algorithms (DLT) for uncalibrated cameras

4.2.1 DLT from 3D objects

If the camera is uncalibrated you will need to perform a camera calibration. The calibration
is the process to determine the intrinsic and extrinsic parameters of the camera model.

A method proposed in 1987 by Tsai consists of measuring the 3D position of n > 6 control
points on a three-dimensional calibration target and the 2D coordinates of their projection in
the image. This problem is also called “Resection”, or “Perspective from n Points” (before was
“Pose from n points”), or “Camera pose from 3D-to-2D correspondences”, and is one of the
most widely used algorithms in Computer Vision and Robotics.

What is the solution to this problem? The intrinsic and extrinsic parameters are computed
directly from the perspective projection equation. Let’s see how:

3D position of control points is assigned
in a reference frame specified by the user

P,=P,

Our goal is to compute K, R, and T that satisfy the perspective projection equation (we neglect
the radial distortion):

Don’t understand this part: R has 8 DoF, we put some constraints: det(R) = +1, the
column vector ||r;1||> = 1, the row vector ||ry;||> =1, R~ = RT
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So, we start with the Perspective Projection Equation:

Perspective Projection Equation

(] [a, 0 u,][nr,
= IFI:‘ 0 a, vo‘-|n]
W] [0 o 1]]|r

[x,1
Hy I3 rl-| | Y“ |
Iy by L i Zw I
Fyp Iy tsJ L

_ R
[u] raurn ‘tugry an, tugr,  an; tugr; al 'H‘ots_l | ¥
= I v IZ‘ Ay +Voly Ay H VA Vgl Ll TVl H 7
L"T’J L ] "5 T3 3 J [ 1
- (X, X

[u] |-m” mp, mj; m|4-| | Y“I [u] I-Yh.-l [u] ['m
= Iglz‘mzl My, M,y Ry, | w|:> |?F =M—| wl: |?? —Im

Y S A ad lz, | = IV 17
LWJ Lm:u My, My m:uj L 1 J LWJ [ 1 J Lfﬁj [m

T

In those equations the notation m;

from homogeneous coordinates back to pixel coordinates leads to:

i ml-P
u = : = 7
w o m, P
~ T =
v m,-P
Vv = : = T
w o my P
By re-arranging the terms, we obtain:
(m{ —uml)-P=0 (B
=
(mi —vml)-P =0 0’

(m; —umj) P =0

T T
(my —vm;)-P =0

For n points, we can stack all these equations into a big matrix:

pT o7 —uPT
o pPT —wuPT mi
cee mo
Pl o7 —u,PT ms
of Pl —v,PT

=AM=0

> P

29

is used to indicate the i-th row of M. Then, a conversion
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xXovhozbo1lo 0 0 0 —ulell_ —ul}““l_ _”|Z1l.- —u,
0 0 0 o|Xx, Y Z 1|-vwXxX, -vY -vZ -v

1w 1

=AM=0

0 0 0 O0|X" Y Z'" 1|-vX" —vY' —vZ" —v

W W W n W e ow oW "

| | |(
tx;‘, v'ozm 1|0 0 0 0|-u X! -wY' -uZ' -u J m,, |L

A JHM
(matrix known) N
M (matrix unknown)

So we have a homogeneous linear system:
A-M=0

Minimal solution:

— A(2n x 12) should have rank = 11 to have a unique (up to a scale) non-trivial solution M
— Each 3D-to-2D point correspondence provides 2 independent equations

— Thus, 5+ % point correspondences are needed (in practice 6 point correspondences!)

Over-determined solution:

—n > 6 points — A solution is to minimize ||AM||? subject to the constraint ||[M||?> = 1. It can
be solved through Singular Value Decomposition (SVD). The solution is the eigenvector
corresponding to the smallest eigenvalue of the matrix A7 Q (because it is the unit vector z that
minimizes ||Az||? = 2T AT Az

— Matlab instructions: [U,S,V] = svd(A); M = V(:,12);

Degenerated configurations:
— Points lying on a plane and/or along a single line passing through the projection center:

— Camera and points on a twisted cubic (i.e., smooth curve in 3D space of degree 3)

e~

1See in Appendix - Handritten Notes the SVD methodology
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Solving for K, R, T
Once we have the M matrix, we can recover the intrinsic and extrinsic parameters by remem-
bering that:

M = K[R|T)

[ M1 m12 m13 M4 W
maoi moo mosg mod =
[ masi mso mss msa J

Qo T11 + UOT31 QqT12 + uQrae oy T13 + uQras oty +uQtz -|
aypT21 + vorsl QT2 + VT332 Q123 + VOT33 Qqty + vtz
L 31 32 733 t= J

However, notice that we are not enforcing the constraint that R is orthogonal (i.e. RTR = I).
To do this, we can use the so-called QR factorization of M, which decomposes M into a R
(orthogonal), T', and an upper triangular matrix (i.e. K).

4.2.2 DLT from planar grids

A calibration method proposed by Tsai in 1987 is based on non co-planar grids (instead of
3D objects):

Edge detection
Straight line fitting to the detected edges
Intersecting the lines to obtain the image corners (corner accuracy < 0.1 pixels)

P wnNE

Use more than 6 points (ideally more than 20) and not all lying on a plane

EEEREEERERE
Why is this ratio .-.IIIIII.

not 1? n
gn LALAE B il What are the «skew»
gt piiny nn and «residuals»?
i
gutituny
BT _asup

o/ }”I / f;\ 4 'skew‘\/ﬂ’ vo [ “residual

1673.3 \1.0063/\ 1.39 / 379.96 305.78 0.365

Tsai calibration is based on DLT algorithm, which requires points not to lie on the same plane.
That is not the best choice.

An alternative method (today’s standard camera calibration method) consists of using a
planar grid (e.g., a chessboard) and a few images of it shown at different orientations.This
method was invented by Zhang (1999) in Microsoft:



32 CHAPTER 4. IMAGE FORMATION II: CALIBRATION

Extrinsic parameters (camara-cents{ad)

In a camera calibration from planar grids we need to find the homographies. Our goal is to
compute K, R, and T that satisfy the perspective projection equation (we neglect the radial
distortion). Remember that since the points lie on a plane (advantage of using a planar grid),
we have Z,, = O:

u X
A v | =KRT]| Y =
1 0
1
(7 QyT11 + UOT31  QuT12 +U0T32 Oty + uots | [ Xuw
Al v | =] apror +v0T31 QT2 +v0T32  anty +vots || Y =
1 L r31 32 tz J 1
u hi1 hi2 hig X u X
= A v | = har hoa hos Yo =AM v | =H| Y,
1 hat has hag 1 1 1
U h? Xw
= Al v = hg Y
1 hi 1

So we found the matrix H called Homography, where h! is the i-th row of H.

By re-arranging the terms, we obtain:

(bl —w;hI) P, = 0 PT o _upT h, 0
= T P ] hy, | = ( )
(hf —vh3)P; = 0 o B viPs h3 v

For n points, we can stack all these equations into a big matrix:

pPT o —u,PT 0
of PT —yPT hy 0
hy | =] ! |=QH=0
P o —u,PT hs 0
[ o” Pg: —‘UHP;{ J 0

So we have a homogeneous linear system:

Q-H=0
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Minimal solution:

— Q(2n x 9) should have rank = 11 to have a unique (up to a scale) non-trivial solution H
— Each point correspondence provides 2 independent equations

— Thus, a minimum of 4 non-collinear points are needed.

Over-determined solution:

—n > 4 points — It can be solved through Singular Value Decomposition ((same considera-
tions as the case before apply).
— Matlab instructions: [U,S,V] = svd(Q); H = V(:,9);

Solving for K, R, T
H can be decomposed by recalling that:

hiyy hiz Ry a, 0 1wy ryp T2 i
hai haa has | =] 0 av wo ra1 T2ty
ha1  haz has 0 0 1 rs; T3zt

It is possible to find a demo of Camera Calibration Toolbox for Matlab (world’s standard toolbox
for calibrating perspective cameras) at www.vision.caltech.edu/bouguetj/calib_doc/

There are a lot of application of calibration from planar grids today, for example in Augmented
reality and in Robotics (beacon-based localization).

4.3 DLT vs PnP

If the camera is calibrated, only R andT need to be determined. In this case, should we use
DLT (linear system of equations) or PnP (nonlinear)?

— BibRef: Lepetit, Moreno Noguer, Fua, EPnP: An Accurate O(n) Solution to the PnP Prob-
lem, IJCV’09

Accuracy vs noise:

60 - - 60
AD AD
50 —4+—Clamped DLT - —4— Clamped DLT
e < 5| —e—LHM
&> || *EPnP || —A—EPnP
= 40tH|— — -EPnP+LHM S 40f| = = -EPnP+LHM
O ||—EPnP+GN 1 L || —EPnP+GN
m / L
30 / / c 30
c / <]
(] / —4 =
— / [
820 ® 20
] C
o b o
10 F 10 ‘
0 5 10 15 0 5 10 15
Gaussian image noise (pixels) Gaussian image noise (pixels)

Accuracy vs number of points:


http://www.vision.caltech.edu/bouguetj/calib_doc/
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60 60
—4—Clamped DLT —4—Clamped DLT
—o—LHM ——LHM
% —A—EPnP e —A—EPnP
3 - = -EPnP+LHM < - - -EPnP+LHM
T 40 —— EPnP+GN S 40 ——EPnP+GN
g (=
m L
c
c 30 5 30
2 3
820 @ 20
e} C
i \ o
10 F 10
)
N A \ .
10 20 30 40 50 10 20 30 40 50
Number of points used to estimate pose Number of points used to estimate pose
Timing:
0.07
AD
—~ 0.06F | —#—Clamped DLT
8 —e—LHM »
£ .05}  |—*—EPnP
“E’ - - ~EPnP+LHM
= 0.04} |==EPnP+Gauss-Newton
[ =
S
g 0.03
2 002
go
[o]
© 0.01f

o

0 50 100 150
number of points used to estimate pose

4.4 Non-Linear Estimation

Consider a matrix X of data values and an objective function f(X;a) where a is the set of
parameters to be estimated.

When f is a quadratic function, which means Vf (with respect to the parameters) is linear,
minimizing this is straight-forward. Here, we are interested in the case that f is non-quadratic,
which means that V f is non-linear.

Two examples

Ex. 1) Each row of X contains the vector xiT, y;. The parameter vector is a, o it includes the
set of line/plane parameters plus o. The goal is to minimize:

f(X;a,0) = {Zp(( _ X a);a)}+mogg

This is a robust estimation problem, but we have added o (the robust scale value).

Ex. 2) X contains the set of corresponding image points z; <+ . The goal is to minimize:

x'h ? x! h ’
— L T T (e T
f(Xh,) Zd X, Hx = Z ( u; X?hg) (L2 X?hg)

13
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In other words, this is the minimization of the geometric error in a single image.

The solution techniques used here are all iterative. The iterations of the parameter vector
estimates will be denoted a. We reserve subscripting, such as in as, a;, to denote components
of vectors or matrices.
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Chapter 5

Filtering and Edge detection

The word filter comes from frequency-domain processing, where “filtering” refers to the process
of accepting or rejecting certain frequency components

We distinguish between low-pass and high-pass filtering:
— A low-pass filter smooths an image (retains low-frequency components)
— A high-pass filter retains the contours (also called edges) of an image (high frequency)

\ High-pass filtered image

5.1 Noise reduction

We can have in an image different kinds of noises:

— Salt and pepper noise: random occurrences of black and white pixels

— Impulse noise: random occurrences of white pixels

— Gaussian noise: variations in intensity drawn from a Gaussian normal distribution

Original Gaussian noise

37
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5.1.1 1D Filtering for Gaussian Noise

» ks Ideal Image
p——
)= ()
<

Moise process

e,
+  nlz.y)

ni‘;"
L ',,,_ ._‘

gt wwwﬁﬂm;
fu I ! AM ﬂ . la,y) ~ Ny, a)

How could we reduce the noise to try to recover the “real image”?

Moving Average (Smoothing) This filter replaces each pixel with an average of all the
values in its neighborhood. The assumptions to make are:

— Expect pixels to be like their neighbors

— Expect noise process to be independent from pixel to pixel.

A moving average in 1D is the following:

! '

l?*' "r-.:.'.. '
il

We can implement also a weighted moving average filter, adding weights to the moving average.
For example, the previous filter with weights [1,1,1,1,1]/5 will become:

SR et S TR
Lz}'n' RN

We can also have non-uniform weights, like [1,4,6,4,1]/16:

b |
. |
. .

it | ST

| --001464100--- |
\__.r_J

The operation performed by the filter is called convolution. Let’s see an: example of convolu-
tion of two sequences (or ”signals”):
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15 Bt gl & o input signal &
1| 2 5

- .“lhnn,n oIl .l”l_m;_"_

P s e e e e
P11 .17
[ S ﬂﬂm [ll .Jl[ly_

— One of the sequences is flipped (right to left) before sliding over the other

The notation used is : a xb. This operation has some nice properties like linearity, associa-
tivity, commutativity, etc...

5.1.2 2D Filtering - Correlation and convolution

Let’s introduce another operation comparing it to the convolution:

— Correlation:

(wkf)(,y) ZZ [l +s5y+1)

s=—at=—b

— Convolution:

(wx f)(z,y) ZZ flz—sy—1)

s=—at=—b

For a kernel of size m X n, we assume that m = 2a + 1 and n = 2b + 1, where a and b are
nonnegative integers. This means that our focus is on kernels of odd size in both coordinate
directions.

Some fundamen-  Property Convolmiion Cormetatdon
tal properties of z . - s
convolution and  ©OmmUanve frg=gnf

correlalion. A Associative i E
dash means that Fa{ghn)=(*g)nh

the iy does | Distributiv - = «fF
mﬂﬁm ¥ does e felgeh)=(feg)eifeh) [elg+h)=(feog)+(ferh)

So, seeing what a convolution is, we can say that filtering an image is replace each pixel with
a linear combination of its neighbors.

The filter w is also called “kernel” or “mask”. It allows to have different weights depending on
neighboring pixel’s relative position. In the following image is shown the filtering process via
the kernel coefficients:
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The mechanics of linear spatial filtering using a 3 X 3 filter mask. The form chosen to denote
the coordinates of the filter mask coefficients simplifies writing expressions for linear filtering.

‘Image origin

| \Filter nlask T i
L N - ‘7 B
At

H t
H r
i ¢

i

w(-1,-1)

w(-1,0)

w(-1,1)

w(0,-1),

w(0,0)

w(0,1)

w(1,-1)

w(1,0)

w(1,1)

Jocty) | 1+1)

Jey) | fy+d)

fck1,5+1)

St 1y-1)

Pixels of image
section under the filter

Filter coetticients

pixels (in the formula you have
Jix+s,y+y)) but for convolution
is not like that:

For correlation
you multiply the correspondent

<

Be carefullll For the formula, the coefficient are crossing, they are not multiplied with the

correspondent:

a b
(wr f)lzy) =Y > wis,t)f(x—siy—1)
s=—af=—b
w(-1,-1) flx+1,y+1)
w(0-1) fsp+1)
w(-1,0) fix+1,y)

/—\ |
L

faR [ 7a%: | BYan)] foetpety | il [ Astprn] |
B Jeig-1) /W} S

! 1\ 1,0 1.1

(1. ) wl1)
w(l,-1) N w(i.t) W T jSJE)“FU

T —— T
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Sometimes, part of w lies outside f, so the summation is undefined in that area. A solution is
the zero padding: to use a pad function f with enough zeros on either side. In general, if the
kernel is of size 1 x m, we need (m — 1) = 2 zeros on either side of f. Let’s see an example in
1D:

Correlation Convolution
- Origin / w0 ,— Origin ! e rotated 180°
(a) 00010000 12328 0001 0000 § 2 321 (i)
1
(b) 00010000 00610000 (i)
12328 § 2321

t Starting posttion alignment
-

Zero padding
00000001 00000000 000600001 00000000 (k)
12328 82321
do0oo0o6001 00000000 000000G0T1T0CGC0000000 (D
12328 82321

b Position after one shift

00000001 00000000 0OGO000001 00000000 (m)
12328 8 321
L Position after four shifts

N

M oo0o000001TOOOG0O00O00 D000 000T 00000000 (n)
12328 8§ 23 21

Final position 4

Full correlation result : Full convolution result
(2) 000DR23210000 000123280000 (0)
Cropped correlation result Cropped convolution result
(h) 08232100 01232800 (p)

Hlustration of 1-D correlation and convolution of a filter with a discrete unit 1mpul<e Note that
correlation and convolution are functions of displac emenr

As we saw before, in the convolution (not in the correlation, we don’t multiply the correspondent
coeflicients. To visualize it we can say that in convolution we pre-rotate the kernel and
then repeat the sliding sum of products. So, the convolution of a function with an impulse
copies the function to the location of the impulse. It is notable to see that correlation and
convolution yield the same result if the kernel values are symmetric about the center.

In the following image we can compare correlation and convolution processes:
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Padded f
0000006000 | correlation
000000000 (middle row) and

Origin (x.») 0o 00000020 convolution (Iast
- ng )y g0 0000000 row) of a 2-D

"6 0060 0000100080 filter with a 2-D
00000 w ) 000000000 discrete, unit
00100 1 3 000000000 impulse. The 0s
00000 4 6 0000 ¢0UuU 00 are shown in gray
00000 7 9 000000000 to simplify visual
analysis.

Initial position for w Full correlation result
T 23000000 0006000000

14 5 6: g0 0000 008000000 c d lati i
789000000 000000000 ropped correlation result

000000000 DODO0D98T0 00 UVOUOLODO

000010000 000654000 V9870
000000000 000321000 V6540
000000000 DODO0O0DOCBO0ODODGOGCON 03210
DG O000D0000 D00O0DO0DOCO0Ne 00000
OO0 0000000 000000000

Rotated w Full convolution result -
19 §'7': 000000 000000000
e S 400 00 00 000G 000000

321000000 0000000y Croppedconvolutionresul

D0 0000000 000123000 YOOV ‘-:
000010000 000456000 0123
C00000000 000789000 V4560

07 8 90

049 0000000 008000000
0o 0000000 G000 006 0.0
000000000 000000000

00000

Moving Average in 2D We can now see how the moving average filtering works in 2D:

Filtered image

Input image Filtered image
“box filter” F[:U7 y] G[SE, y] G[ZE, y]
1
1 0
1 60 | B0 | 60
60 | 90 | 20 | 90 | GO
50 | 80 | 80 | 90 | GO
50 | 80 | 80 ( 90 | 6O
50 | 50 | 60

With this kind of filter we can smooth images:
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Box filter:
white = high value, black = low value

0rigina| filtered

Exercise You are given the following kernel and image:

w =

L N
i S A
=~
Il
oo oo
oo oo
o= = O
o e Y e I e B
oo oo

1. Encircle the area when the kernel is centered at point (2, 3) (2nd row, 3rd col) of the image
shown above. Show specific values of w and f.

2. Compute the convolution w % f using the minimum zero padding needed. Show the detail
of your computations when the kernel is centered on point (2,3) of f; and the show the
final full convolution result.

3. Repeat 2, but for correlation wxf

5.1.3 2D Filtering - Separable Filter Kernels

A 2D function G(z,y) is said to be separable if it can be written as the product of two 1D
functions, G1(z) and Ga(y), that is:

G(z,y) = G1(z)G2(y)

A spatial filter kernel is a matrix, so a separable kernel of size m x n can be expressed as the
outer product of two vectors w; and wq (vectors of size respectively m x 1 and n x 1:

Separable filter kernel: w = w; - wi — (rank 1)

It is useful to note how convolution behaves with separable kernels (w = wjws):

wx [ = (wy *wy) *x f = (wy * f)*ws

But why separable filters are convenient? For an image of size M x N and a kernel size m x n
the filtering process requires M - N - m - n multiplications and additions. If for the kernel holds
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separability, the filtering process requires only M - N - (m 4 n) multiplications and additions, so
"

m+n

But how to find the separable filters?
1) Find any nonzero element in the kernel and let E denote its value.

2) Form vectors ¢ and r equal, respectively, to the column and row in the kernel containing
the element found in step 1.

we have a reduction factor of

”
3) Let wy = c and wl = 5

5.1.4 Lowpass Filter Kernels

Two3 X 3 smoothing

| 1 1 0.3679 [0.6065 [0.3679 (averaging) filter masks.
The constant multipli-
er in front of each
1 1 = 5 mask is equal to 1
Sx| 1 1 1 0.6065| 1 |0.6065 q
9 48976 > divided by the

sum of the values

of its coefficients,

as is required to
compute an average.

1 1 1 0.3679 |0.6065 {0.3679

box kernel Gaussian kernel

Box Filter In one dimension, the box filter has kernel:

1/(2a) if —a<z<a
0 if |z| > a.

boxip(z) = {

The definition just given can easily be extended to the two-dimensional case imposing a separa-
bility condition:

boxap(x,y) = boxip(x) boxip(y)

The graph of those kernel is shown in the following figure:

Y

—-a a a

\j

Kernel of the box filter in one and two dimensions.

The box filter is a lowpass filter. This is easy to verify by analyzing the filter in the frequency
domain. In fact, the transfer function of the filter boxsp is the two-dimensional sinc function.
Thus, in the frequency domain, filtering (in the spatial domain) with a box filter corresponds to
multiplying the Fourier transform by the sinc function; this clearly dampens high frequencies.

Tt’s a lot, if we think about an 11 x 11 kernel the factor is of 5.2!1!
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Gaussian Filter In one dimension the kernel w(z) = G,(x) of the continuous-domain gaus-
sian filter is given by the gaussian function

$2

Go(z) =K e 20°

where o is a constant, called the variance of the function. In two dimensions the kernel is
defined by (note how the definition makes this filter separable too):

2+ y2
202

Go(z,y)=Ke
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Gaussian distribution function with mean 0 and variance 2

So:

s 4+ 12

w(s,t)=Ke 202

A quick analysis in the continuous domain shows that the gaussian filter is a lowpass filter.
We just observe that the Fourier transform of a gaussian distribution is also a gaussian. In
other words, the transfer function is gaussian, so that high frequencies in the filtered signal are
damped by a factor that grows exponentially with the frequency. The transfer function assumes
only nonnegative values, and the rotational symmetry of the gaussian shows that the filter is

isotropic.
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1024x1024 pixels
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1) Result of lowpass
filtering with a
Gaussian kernel of size
21x21 and

Sigma = 3.5

2) Result of lowpass
filtering with a
Gaussian kernel

of size 43x43 and
Sigma =7
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Exercise Solve the following questions:
1) Show that the Gaussian kernel, G(s;t) is separable.
2) Because G is separable and circularly symmetric, it can be expressed in the form
G = wiw? . Assume that the following kernel form is used and that the function is sampled to
yield an m x m kernel. What is w; in this case?

,r.2

G(r)=K e 202
Here there is a comparison between the two lowpass filter shown:

Gaussian Filtering - Box Filtering

So, Gaussian kernels are separable. But they have also another interesting property: the prod-
uct and convolution of two Gaussian functions are Gaussian functions too.

What parameters matter in a Gaussian filter?
— The size of the kernel (NB: a Gaussian function has infinite support, but discrete filters use
finite kernels)

o =5 pixels o =5 pixels
with 10 x 10 pixel kernel with 30 x 30 pixel kernel

- The variance (determines extent of smoothing)

a =2 pixels a =5 pixels
with 30 x 30 pixel kernel with 30 x 30 pixel kernel



5.2. EDGE DETECTION 47

5.1.5 Non-linear filtering

There is a problem with linear smoothing filters: they do not alleviate salt and pepper
noise! How we can do it?

Median filter It is a non-linear filter that removes spikes: is good for impulse and salt &
pepper noise:

&

Median
/e — filtered

Salt and
pepper noise

-
-
-
"
-

-

Bw W

Plots of a row of the image

Here is presented the kernel of the median filter:

MEREimage 10]15[20 . .
- . ssssse sss .. INPUT
23190(27 sort A median
Median value 33(3130 l = . filter
_— . preserves
10 15 20 23 30 31 33 90 *ereseess 2 MEDIAN I:> sharp
. transitions
Output image 10[15]20 j Replace S " like edges
= i i
2312727 be ™ CERG .- MEAN
33[3130

The advantage of the Median filter is that preserves sharp transitions, but the drawback is that
it removes small brightness variations.

5.2 Edge detection

5.2.1 1D Sharpening (Highpass) Spatial Filters

Highpass filters are used to perform Edge Detection on the image processed. The ultimate goal
of the edge detection is to have an “idealized line drawing”. Edge detection is fundamental in
computer vision because edge contours in the image correspond to important scene contours.

An edge is a place of rapid change in the image intensity function:
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intensity function
(along horizontal scanline) first derivative

edges correspond to
extrema of derivative

The derivatives of a digital function are defined in terms of differences.

First derivative:

— Must be zero in areas of constant intensity.

— Must be nonzero at the onset of an intensity step or ramp.
— Must be nonzero along intensity ramps.

Second derivative:

— Must be zero in areas of constant intensity.

— Must be nonzero at the onset and end of an intensity step or ramp.
— Must be zero along intensity ramps.

For 2D function, f(z,y), the partial derivative is:

i'?f(r.y) lim f{lt—kfsy)_f[:f!y)

or e—+0 €

For discrete data, we can approximate using finite differences:

w %f(l‘—l.y) _f{l‘~y)

Of(z.
% ~ flz,y+1) — f(z,y)

Second-order derivative:

& f(z,;
T & flap 1,9) + S~ 1,9) 2/ (,0)

0 f(z,
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To implement the above as a convolution, what would be the associated filter?

Partial derivatives filter This filter performs the derivate along one axis:

Alternative Finite-difference filters We can have different kernels that performs this kind
of operation:

[-1 0 +1] R
Prewitt filter G, = [-1 0 +1 and Gy=[0 0 0
-1 0 +1] [+1 +1 +1]
(1 0 +1] Fi, <8 <]
Sobel filter Gy=|[-2 0 42 and Gy=|0 0 0
-1 0 +1] | +1 +2 +1]
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Original

Laplacian

Sohel X Sabel ¥

Noise Smoothing Let’s consider a single row or column of an image. We know that there
will be a certain amount of noise, that we can visualize by plotting intensity as a function of
position:

i i i i i i ; i i i i i ; i d ; i ;
0 200 400 600 800 1000 1200 1400 1600 1800 2000 0 200 400 600 800 1000 1200 1400 1600 1800 2000

As we can notice, from that kind of derivate one cannot understand where is the edge. The
solution is to smooth the image first and then perform the derivation (in the following image
the single line of the image f is convoluted by a 1D Gaussian filter h):

~
Signal
H'“'"I_"--.
1

h

Karnel

=

;-u
*
"~
Convolition

P
~
e
*
~
R
Differentiation

o 200 400 600 80O 1000 1200 1400 1600 1800 2000

An alternative is to combine derivative and smoothing filter in a unique filter, using the differ-
entiation property of the convolution:

0 0
geths )= (o)«

The result is the following:
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=
Signal

B 5,
azh 2

)
(%h) * f §

Derivative of Gaussian filter
axis direction):

Sigma = 50
T T T T T T T
L H S P i : F 1
4] 200 400 BO0 a0 1000 1200 1400 1800 1800 2000
i i i i i . i i F
o 200 400 BOD &00 1000 1200 1400 1600 1800 2000
O 200 400 600 8O0 1000 1200 1400 1600 1800 2000

ol

We can then introduce this effective derivative filters (one for

x-direction

y-direction

Laplacian of Gaussian We can go farther and use the second derivative of Gaussian filter:

Consider

2 (hx f)

Sigma = 50
|_ T T T T T T T T T
@ :
i ! . i i : i . :
a 200 400 GO0 Boo 1000 1200 1400 1600 1800 2000
=7 T 1 1 T & 7T 1
a° h ‘g;”'/\ /\ {Laplacian of Gaussian® 1
s i ! B i
Ja ¥ U i . operator
i i | i i i ; | i
1] 200 400 GO0 B0 1000 1200 1400 1600 1800 2000
T T ! T ! I I T ]
82 h) = : : :
(_2 * g of —— S IR SO
5':1: f g
— —+ +- 4 4 1. 1 - —4 -
(1] 200 400 B0 Bo0 1000 1200 1400 1600 1800 2000

Where is the edge?

Zero-crossings of bottom graph

Remind: the Laplacian operator is V2f = %QT; +

5.2.2 2D Sharpening Spatial Filters

f

62
Oy?

Image gradient To perform derivation in 2D image gradient-based filters could be useful:
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The gradient of an image:

_|9f of
vi= |3 %)

The gradient points in the direction of fastest intensity change
- [2 = T3 8
V=l T .{f v =34
a
v =[0.3]

The gradient direction (orientation of edge normal) is given by:

_ -1 (9f ,8f
# = tan (a_y/ﬁ)

The edge strength is given by the gradient magnitude

VA1l = J(?)* (%)

Since we defined the previous filters in 1D, we can now easily extend them in 2D:

Laplacian of Gaussian

Gaussian derivative of Gaussian

: a et
he(u,v) = e 202 alvhg(u.'rr) V2ho(u, v) i

2ol

Summary on (linear) filters
® Smoothing filter:
® has positive values
® sums to 1 — preserve brightness of constant regions
® removes "high-frequency" components: "low-pass" filter

® Derivative filter:

® has opposite signs used to get high response in regions of high
contrast

® sums to 0 — no response in constant regions

® highlights "high-frequency" components: "high-pass" filter

5.3 Canny edge-detection algorithm

The Canny edge-detection algorithm (1986) computes the gradient of a smoothed image in
both directions. It discards pixels whose gradient magnitude is below a certain threshold and
implements a non-maximal suppression: it identifies local maxima along gradient direction:
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A

Threshold it (i.e., setto |
0 all pixels whose value
is below a given
threshold)

Convolve the image
with x and y derivatives
of Gaussian filter

Vf=VI(G, *I)
Ae Q“
s an? Thresholding [V/ Take local maximum
||\_’f|| - 'I! (ﬂ)z N (ﬂ) . Edge 9 | j| along gradient direction
'V az ay strength (non-maxima suppression)

What is the “Non-maxima suppression”? Due to the multiple response, edge magnitude M (z,y)
may contain wide ridges around the local maxima. Non-maxima suppression removes the non-
maxima pixels preserving the connectivity of the contours.

Algorithm 1: Non-maxima suppression:

1. From each position (z,y), step in the two directions perpendicular to edge orientation ©(z, y).
2. Denote the inital pixel (z,y) by C, the two neighbouring pixels in the perpendicular directions
by A and B.

3. If the M(A) > M(C) or M(B) > M(C), discard the pixel (x,y) by setting M (x,y) = 0.

In the following image is illustrated the non-maxima suppression. Pixels A and B are deleted
because M(C) > M(A) and M(C) > M(B). Pixel C is not deleted:

normal .
direction A
¢, v §
;o s M(C)>M(A)
e

e M(C)>M(B)
pixel B

In the following image is illustrated the process of thinning wide contours in edge magnitude
images by non-maxima suppression. The intensity profile along the indicated line is shown
resized for better visibility:

ON

edge mangitude intensity profile (resized) result of NMS

Hysteresis thresholding The output of the non-maxima suppression still contains noisy
local maxima. The contrast (edge strength) may be different in different points of the contour.
So, a careful thresholding of M (z,y) is needed to remove these weak edges while preserving the
connectivity of the contours.

Hysteresis thresholding receives the output of the non-maxima suppression, Myass(z,y). The
algorithm uses 2 thresholds, T},;g, and Tj,:

— A pixel (z,y) is called strong if Myys(x,y) > Thigh-

— A pixel (z,y) is called weak if Myys(z,y) < Tiow-

— All other pixels are called candidate pixels.

Algorithm 2: Hysteresis thresholding
1. In each position of (z,y), discard the pixel (z,y) if it is weak; output the pixel if it is strong.
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2. If the pixel is a candidate, follow the chain of connected local maxima in both directions

along the edge, as long as Myars > Tiow-
3. If the starting candidate pixel (z,y) is connected to a strong pixel, output this candidate

pixel; otherwise, do not output the candidate pixel.

In the following image is illustrated the hysteresis thresholding. The candidate edges C1 and
C2 are output, the candidate edges C3 and C4 are not:

weak edge =

strong edge (=)

candidate edge =

We can see here some examples of edge localisation with different hysteresis thresholds:




Chapter 6

Feature Point Detection

6.1 Filters for Feature detection and Point-feature extraction

Filters for Feature Detection

® In the last lecture, we used filters to reduce noise or enhance contours

® However, filters can also be used to detect "features"
® Goal: reduce amount of data to process in later stages, discard
redundancy to preserve only what is useful (leads to lower bandwidth
and memory storage)
® Edge detection (we have seen this already; edges can enable line
or shape detection)
® Template matching
® Keypoint detection

Filters for Template Matching

® Find locations in an image that are similar to a template

e If we look at filters as templates, we can use correlation (like convolution but
without flipping the filter) to detect these locations

Template

Correlation map

95
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Summary of Filters

® Smoothing filter:

® has positive values

® sums to 1 — preserve brightness of constant regions

® removes "high-frequency" components: "low-pass" filter
® Derivative filter:

® has opposite signs used to get high response in regions of high contrast
® sums to 0 — no response in constant regions
® highlights "high-frequency" components: "high-pass" filter

e Filters as templates:

® Highest response for regions that "look similar to the filter"

Template Matching

® What if the template is not identical to the object we want to detect?

® Template Matching will only work if scale, orientation, illumination, and, in
general, the appearance of the template and the object to detect are very
similar. What about the pixels in template background (object-background
problem)?

Template

Correlation as Scalar Product

® Consider images H and F' as vectors, their correlation is:
(H, F) = | H||.[[F[]. cos 0

® In Normalized Cross Correlation (NCC), we consider the unit vectors of H and
F', hence we measure their similarity based on the angle 0. If H and F' are
identical, then NCC = 1.
(H, F)

H|-[LE]

_ Zisz Zisz H(u,v)F(u,v)
VS H(u v Yh T Fluv)?

cosf =
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Other Similarity Measures

® Sum of Absolute Differences (SAD) (used in optical mice)

k k
SAD = > > |H(u,v) — F(u,v)|

u=—kv=—k

® Sum of Squared Differences (SSD)

k

k
§sD= 3" 3" (H(u,v) - F(u,v))’

u=—kv=—=k

® Normalized Cross Correlation (NCC): takes values between -1 and +1 (41 =
identical)

ZZ:—I@ Zij:—k H(u7 U)F(uv ’U)
\/Eﬁ:—k Zﬁ:—k H(u, ”)2\/Eﬁz—k Zﬁ:—k F(u,v)?

NCC =

Zero-mean SAD, SSD, NCC

To account for the difference in mean of the two images (typically caused by
illumination changes), we subtract the mean value of each image:

® Zero-mean Sum of Absolute Differences (ZSAD)

ZSAD =30 Y |(H(w,v) = prr) = (F(u,0) = pp)|
® Zero-mean Sum of Squared Differences (ZSSD)

SSD =30 Sy (H(u,v) = ppr) = (F(u,v) — up))?
® Zero-mean Normalized Cross Correlation (ZNCC)

S b (H(uw)—pg)(F(uw)—pr)

ZNCC =
VEh o Sk Huw)—up)? TR SR (F(uv)—pp)?

ZNCC is invariant to affine intensity changes!

_ Zﬁsz Zfsz H(u,v) o Zz:w Zi:w F(u,v)
p = 2N+ 1) = 2N+ 1)

Census Transform

® Maps an image patch to a bit string:
® if a pixel is greater than the center pixel its corresponding bit is set to 1,
else to 0
® For a w x w window the string will be w? — 1 bits long

® The two bit strings are compared using the Hamming distance, which is the
number of bits that are different. This can be computed by counting the
number of 1s in the Exclusive-OR (XOR) of the two bit strings

Advantages

® More robust to object-background problem

® No square roots or divisions are required,
thus very efficient to implement,
especially on FPGA

® Intensities are considered relative to the center
pixel of the patch making it invariant to monotonic

intensity changes 10101101

o7
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What do we need point features for?

Recall the Visual-Odometry flow chart:

‘ Image sequence ‘

‘ Feature detection ‘

‘ Feature matching (tracking) ‘

Motion estimation Example of features tracks

2D-2D ‘ 3D-3D ‘ 3D-2D

‘ Local optimization ‘

Keypoint extraction is the key ingredient of motion estimation!

l Image sequence |

‘ Feature detection |

‘ Feature matching (tracking) |

Motion estimation

2D-2D ‘ 3D-3D ‘ 3D-2D

‘ Local optimization |

Point Features are also used for:

® Panorama stitching
® Object recognition
® 3D reconstruction
® Place recognition

® Indexing and database retrieval (e.g., Google Images or http://tineye.com)
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Example: panorama stitching
Local features and alignment

® We need to align images

® How would you do it?

® Detect point features in both images
® Find corresponding pairs

® Use these pairs to align the images

Matching with Features

® Problem 1:

® Detect the same points independently in both images

No chance to match!

We need a repeatable feature detector
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® Problem 2:

® For each point, identify its correct correspondence in the other image(s)

o

\‘
\

O
\v-u%‘:'*

i 'y"!-.

We need a reliable and distinctive feature descriptor
that is robust to geometric and illumination changes

Geometric changes

® Rotation
® Scale (i.e., zoom)

® View point (i.e, perspective changes)

Multiple View
Geometry

be v

Typically, small illumination changes are modeled with an affine transformation (so
called affine illumination changes):

I'(z,y) = al(z,y) + 8
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Invariant local features

Subset of local feature types designed to be invariant to common geometric and
photometric transformations.

Basic steps:
® Detect distinctive interest points

® Extract invariant descriptors

Main questions

e What points are distinctive (i.e., features, keypoints, salient
points), such that they are repeatable? (i.e., can be re-detected
from other views)

® How to describe a local region?

® How to establish correspondences, i.e., compute matches?

What is a distinctive feature?

® (Consider the image pair below with extracted patches
® Notice how some patches can be localized or matched with higher accuracy
than others

Image 1 Image 2
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Feature Points: Corners vs Blob Detectors

® A corner is defined as the intersection of one or more edges

® A corner has high localization accuracy
® [t’s less distinctive than a blob
® E.g., Harris, Shi-Tomasi, SUSAN, FAST

® A blob is any other image pattern, which is not a corner, that
differs significantly from its neighbors in intensity and texture
(e.g., a connected region of pixels with similar color, a circle, etc.)

® Has less localization accuracy than a corner 3

Blob detectors are better for place recognition

It’s more distinctive than a corner

E.g., MSER, LOG, DOG (SIFT), SURF,

CenSurE

Corner detection

® Key observation: in the region around a corner, image gradient has
two or more dominant directions

e Corners are repeatable and distinctive

C.Harris and M.Stephens. "A Combined Corner and Edge Detector." ;, 1988 Proceedings of the 4th Alvey
Vision Conference: pages 147-151.

The Moravec Corner detector (1980)

® How do we identify corners?
® We can easily recognize the point by looking through a small window

® Shifting a window in any direction should give a large change in intensity (e.g.,
in SSD) in at least 2 directions

“flat” region: “edge™ “corner™;
ro intensity change no change along the edge significant change in at least 2
(ie, 55D = 0 in all directions) direction directions

(i.e., SSD = 0 along edge but > (i.e., SSD > 0 in all directions)
0 in other directions)

H. Moravec, Obstacle Avoidance and Navigation in the Real World by a Seeing Robot Rover, PhD thesis,
Chapter 5, Stanford University, Computer Science Department, 1980.
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“Sums of squares of differences of pixels adjacent in each of four directions (horizontal,
vertical and two diagonals) over each window are calculated, and the window's interest
measure is the minimum of these four sums. " [Moravec’80, Ch. §]

N8 P .y 9 0 o
P | BB N
0 X Y CACACALE
PR et | Fly [Pl (P [Pl
Sy Tttt
Paa [P [ Poa Poa Fag {Pay [Pas | Paa
Foa [ [ B AR
P [P [P M ™ 126 | Pel | Bt | P
o [B) [Ra [ Ay ™ R | e | P4 | P
Tttt P

H. Moravec, Obstacle Avoidance and Navigation in the Real World by a Seeing Robot Rover, PhD thesis,
Chapter 5, Stanford University, Computer Science Department, 1980.

The Harris Corner detector (1988)

® [t implements the Moravec corner detector without having to physically shift
the window but rather by just looking at the patch itself, by using differential
calculus.

C.Harris and M.Stephens. "A Combined Corner and Edge Detector.? , 1988 Proceedings of the 4th Alvey
Vision Conference: pages 147-151.

How do we implement this?

® Consider the reference patch centered at (z,y) and the shifted window centered at
(z + Az, y + Ay). The patch has size P.

® The Sum of Squared Differences between them is:

SSD(Az, Ay) = > (I(z,y) — I(z + Az, y + Ay))?
xz,ycP

® Let I, = % and Iy = %ﬁ’w Approximating with a 1st order Taylor expansion:
Iz + Az, y + Ay) & I(z,y) + Lo (z,y) Az + Iy (z,y) Ay
® This produces the approximation

SSD(Az, Ay) ~ > (Ia(z,y)Az + Iy(z,y)Ay)?
z,ycP

This is a simple quadratic function in two variables (Az, Ay)

63
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SSD(Az, Ay) = > (I(z,y) — I(z + Az, y + Ay))?

z,ycP

® This can be written in a matrix form as

2 I, A
SSD(Az,Ay) ~ > [ Az Ay | [ o ol ] { A; }
z Y

= SSD(Az,Ay) ~ Z[ Ax Ay ]M{ ﬁayc }
With

M_Z 2 L] [ 2 YILI,
= LI, I, | | YLI, I

z,yeP

Pixel-wise products in the autocorrelation matrix

What does this matrix reveal?

® First, consider an edge or a flat region.

" IRRLIR
Edge

- EASE

Flat region

® We can conclude that if either A is close to 0, then this is not a corner.

® Now, let’s consider an axis-aligned corner:

oy

Corner

COS—  -sin—
3

4 A‘ 0 (=i :" &n g
[u i\]

" T T T
sin—  cos— |~ Ay =S— CO8—
4 4 L™ 4

® This means dominant gradient directions are at 45 degrees with z and y axes

® What if we have a corner that is not aligned with the image axes?

General Case

Since M is symmetric, it can always be decomposed into M = R™! [ >E]1 )EJ } R
2

Az
Ay
determined by the eigenvalues and the two axes’ orientations determined by R
(i.e., the eigenvectors of M)

® We can visualize [ Az Ay ] M { } = const as an ellipse with axis lengths

® The two eigenvectors identify the directions of largest and smallest changes of

SSD

direction of the fastest
change of 55D

direction of the slowest
change of 55D
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How to compute A;, Ay, R from M

Eigenvalue/eigenvector review
® You can easily proof that A1, A2 are the eigenvalues of M

® The eigenvectors and eigenvalues of a matrix A are the vectors x and scalars A that
satisfy:
Ax = Ax

® The scalar A is the eigenvalue corresponding to x

® The eigenvalues are found by solving det (A — AI)

® In our case, A =M is a 2 X 2 matrix, so we have det

mip — A mi2 —0
ma1 maz — A

® The solution is: A2 = & [(mu +ma2) £ /Amiamar + (mi1 — m22)2} =0

® Once you know A, you find the two eigenvectors x (i.e. the two columns of R) by

solving:
mi1 — A mi2 z | | O
ma1 maz — A y] L0

211(].

moment matrices

Visualization of

NB: the ellipses here are plot proportionally to the eigenvalues and not as iso-SSD ellipses
as explained before. So small ellipses here denote a flat region, and big ones a corner.

Interpreting the eigenvalues

® (lassification of image points using eigenvalues of M

® A corner can then be identified by checking whether the minimum of the two
eigenvalues of M is larger than a certain user-defined threshold = R = min(A1, \2) > €

® R is called "cornerness function"

® The corner detector using this criterion is called "Shi-Tomasi" detector

3y and i, are small;

§5D is almost constan

in all directions |
e ——

J. Shi and C. Tomasi (June 1994). "Good Features to Track,". 9th IEEE Conference on Computer Vision
and Pattern Recognition
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® Computation of A1 and A2 is expensive = Harris & Stephens suggested using a
different cornerness function:

R = XMA2 — k(A1 + Xo)? = det(M) — k.trace? (M)

® [k is a magic number in the range (0.04 to 0.15)

“Fla
region

Harris Corner Detector

@ Compute derivatives in = and y directions (I, Iy) e.g. with Sobel filter

® Compute 12, I}, I.1,

® Convolve 17, I7, I.I, with a box filter to get > I2, 3" 17, 3" I.I,, which are
the entries of the matrix M (optionally use a Gaussian filter instead of a box
filter to avoid aliasing and give more "weight" to the central pixels)

@ Compute Harris Corner Measure R (according to Shi-Tomasi or Harris)

@ Find points with large corner response (R > ¢)
@ Take the points of local maxima of R

Image I Cornerness response R



6.1. FILTERS FOR FEATURE DETECTION AND POINT-FEATURE EXTRACTION

Harris vs Shi-Tomasi

Shi-Tomasi
operator

Harris
operator

Harris Detector: Workflow

Compute Corner Measure R

l;“.\ B,

2,

Find points with large corner
response: R > €

Take only the points of local
maxima of thresholded R
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Harris Detector: Some Properties

How does the size of the Harris detector affect the performance?

Repeatability:
® How does the Harris detector behave to common image
transformations?

® Can it re-detect the same image patches (Harris corners) when the
image exhibits changes in

® Rotation,

® View-point,

® Scale (zoom),
® [llumination ?

e Solution: Identify properties of detector & adapt accordingly

Rotation Invariance:

Image 1 Image 2

> 4
&2 S

Ellipse rotates but its shape (i.e., eigenvalues) remains the same

[ Corner response R is invariant to image rotation

But: non-invariant to image scale!

Image 1 Image 2

— L]

All points will be Corner!
classified as edges
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Quality of Harris detector for different scale changes

90
Repeatability= e
ae 70|
# correspondences detected @ Scaling the image by x2
® g hire
# correspondences present 5, 8% oficorrespandencesiget
£ ol matched
E
% 40|
2
o 30
o
i .
10|

Scale

Summary (things to remember)

Filters as templates

Correlation as a scalar product
e Similarity metrics: NCC (ZNCC), SSD (ZSSD), SAD (ZSAD),

Census Transform

Point feature detection
® Properties and invariance to transformations
® Challenges: rotation, scale, view-point, and illumination changes
® Extraction

® Moravec
® Harris and Shi-Tomasi: Rotation Invariance

6.2 Automatic Scale Selection, Detectors and Descriptors

Scale changes
® How can we match image patches corresponding to the same

feature but belonging to images taken at different scales?
® Possible solution: rescale the patch!

Image 1

Image 2 Image 2 Image 2

A
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® Scale search is time consuming (needs to be done individually for
all patches in one image)

e Complexity would be (NM)? (assuming that we have N features
per image and M scale levels for each image)
e Possible solution: assign each feature its own "scale" (i.e., size).
® What’s the optimal scale (i.e., size) of the patch?

Automatic Scale Selection

® Solution:

® Design a function on the image patch, which is "scale invariant"
(i.e., which has the same value for corresponding regions, even if
they are at different scales)

® For a point in one image, we can consider it as a function of region
size (patch width)

f Image

scale=1/2

rEEion size region size

e Common approach:
® Take a local maximum or minima of this function
® Observation: region size, for which the maximum or minima is
achieved, should be invariant to image scale.

Important: this scale invariant region size is found in each image independently!

i Image | f Image 2
/f‘\ scale=1/2 /
| e — [
/ 1 T | ~
1 ]
1 1
5 region size S5 region size
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e Function responses for increasing scale (scale signature)

Image 1

Image 2 Image 1 Image 2

£, xon fU,  (¥o)

e
140, tra)

Image 1 Image 2 Image1

1, soh 7, () 1it,_, (o) AU, (26

® When the right scale is found, the patch must be normalized

® A "good" function for scale detection should have a single & sharp
peak

region size region size region size
® What if there are multiple peaks?

® Sharp, local intensity changes are good regions to monitor in
order to identify the scale

= Blobs and corners are the ideal locations!
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® Function for determining scale: convolve image with kernel to identify sharp
intensity discontinuities
f = Kernel x Image
® It has been shown that the Laplacian of Gaussian kernel is optimal under
certain assumptions [Lindeberg?94]:

P*G(z,y) | 9°Gla,y)
ox? 0y?

® Correct scale is found as local maxima or minima across consecutive smoothed

images
o &

LoG = V?G(z,y) =

Scale

o =

. -

Lindeberg, Scale-space theory: A basic tool for analysing structures at different scales, Journal of Applied
Statistics, 1994

® Function for determining scale: convolve image with kernel to identify sharp
intensity discontinuities
f = Kernel x Image

® It has been shown that the Laplacian of Gaussian kernel is optimal under
certain assumptions [Lindeberg?94]:

>*G(z,y) N 9*G(z,y)

2
LoG =V~°G(z,y) = 92 ay°

® Correct scale is found as local maxima or minima across consecutive smoothed
images

2o
o

938 Seale

Lindeberg, Scale-space theory: A basic tool for analysing structures at different scales, Journal of Applied
Statistics, 1994

Main questions

e What points are distinctive (i.e., features, keypoints, salient
points), such that they are repeatable? (i.e., can be re-detected
from other views)

® How to describe a local region?

® How to establish correspondences, i.e., compute matches?
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Feature descriptors

® We know how to detect points

® Next question:
How to describe them for matching?

® Simplest descriptor: intensity values within a squared patch
® Alternative: Census Transform or Histograms of Oriented Gradients (like in
SIFT, see later)

® Then, descriptor matching can be done using Hamming Distance (Census) or
(Z)SSD, (Z)SAD, or (Z)NCC

e We’d like to find the same features regardless of the transformation
(rotation, scale, view point, and illumination)
® Most feature methods are designed to be invariant to

® 2D translation,
® 2D rotation,
® Scale
® Some of them can also handle
® Small view-point invariance (e.g., SIF'T works up to about 60

degrees)
® Linear illumination changes

How to achieve invariance

Step 1: Re-scaling and De-rotation
® Find correct scale using LoG operator
® Rescale the patch to a default size (e.g., 8 x 8 pixels)
® Find local orientation

® Dominant direction of gradient for the image patch (e.g., Harris
eigenvectors)
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How to warp a patch?

® Start with an "empty" canonical patch (all pixels set to 0)

® For each pixel (z,y) in the empty patch, apply the warping function W(z,y) to
compute the corresponding position in the detected image. It will be in
floating point and will fall between the image pixels.

® Interpolate the intensity values of the 4 closest pixels in the detected image:

® use nearest neighbor
® or bilinear interpolation

Example 1: Rotational warping

(x,y) w

Empty canonical patch

W x' = xcosf - ysinf
y' = xsind + y cosf

Patch detected in the image

counterclockwise rotation

Bilinear Interpolation

® It is an extension of linear interpolation for interpolating functions of two
variables (e.g., z and y) on a rectilinear 2D grid.

® The key idea is to perform linear interpolation first in one direction, and then
again in the other direction. Although each step is linear in the sampled values
and in the position, the interpolation as a whole is not linear but rather
quadratic in the sample location.

x
y 1(0,0) 6 1(1,0) 1(x,y) =

100,01 -x)Q -y +

x.) 100,00 -0 +

ol an 1%1,0;?%8{)— )+
1(1L,1)(x

o =0 +o +o +o

In this geometric visualization, the value at the black spot is the sum of the value at each colored spot
multiplied by the area of the rectangle of the same color.
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Example 2: Affine Warping
Affine warping (to achieve slight view-point invariance

® The second moment matrix M can be used to identify the two directions of
fastest and slowest change of intensity around the feature.

® Out of these two directions, an elliptic patch is extracted at the scale
computed by with the LoG operator.

® The region inside the ellipse is normalized to a circular one

Y J‘f;a'\\ ! /A

>

3
(3

I

How to achieve invariance

Example: de-rotation, re-scaling, and affine un-warping

Multiple View
Geometry

Feature descriptors

e Disadvantage of patches as descriptors:

® If not warped, very small errors in rotation, scale, and view-point
will affect matching score significantly
® Computationally expensive (need to unwarp every patch)

® Better solution nowadays: build descriptors from Histograms of
Oriented Gradients (HOGs)
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HOG descriptor (Histogram of Oriented Gradients)

Compute a histogram of orientations of intensity gradients

Peaks in histogram: dominant orientations

Keypoint orientation = histogram peak

® [f there are multiple candidate peaks, construct a different keypoint
for each such orientation

Rotate patch according to this angle

® This puts the patches into a canonical orientation

Dominant orientation

-E

Rotation and Scale Normalization

e Rotate the window to standard orientation

® Scale the window size based on the scale at which the point was
found

SIFT descriptor

® Scale Invariant Feature Transform
® Invented by David Lowe [LJCV, 2004] (now at Google)

® Descriptor computation:

® Divide patch into 4 x 4 sub-patches = 16 cells
® Compute HOG (8 bins, i.e., 8 directions) for all pixels inside each
sub-patch
® Concatenates all HOGs into a single 1D vector:
® Resulting SIFT descriptor: 4 x 4 x 8 = 128 values
® Descriptor Matching: SSD (i.e., Euclidean-distance)

Image gradients Keypoint descriptor
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Intensity Normalization

® The descriptor vector v is then normalized such that its lo norm is

1:
B v
V= —

Vi

® This guarantees that the descriptor is invariant to linear
illumination changes (the descriptor is already invariant to additive
illumination because it is based on gradients).

SIFT matching robustness

® Can handle changes in viewpoint (up to 60 degree out-of-plane rotation)

® Can handle significant changes in illumination (low to bright scenes)

® Expensive: 10 fps

® Original SIFT code (binary files): http://people.cs.ubc.ca/ lowe/keypoints

Scale Invariant Feature Detection

Difference of Gaussian (DoG) kernel instead of Laplacian of Gaussian
(computationally cheaper)

LoG =~ DoG = Gy (z,y) — Go(z,y)

7
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SIFT detector (location + scale)

SIFT keypoints: local extrema (i.e., maxima and minima) in both
space and scale of the DoG images

® Detect maxima and minima of
difference-of-Gaussian in scale space
® Each point is compared to its 8
neighbors in the current image and 9
neighbors each in the scales
above and below

For each max or min found, output

s the location and the scale

How it is implemented in practice sl S

Glka) = % ,

LR A4

G(ka)

@ The initial image is incrementally
convolved with Gaussians G(ko) to
produce images separated by a constant
factor k in scale space, shown stacked

in the left column
@ The initial Gaussian G(ko) Gka) =,
has 0 = 1.6
@ £ is chosen such that k = 21/'*,
where s is an integer (typically s = 3)
® For efficiency reasons, when k
reaches 2, the image is downsampled
by a factor of 2 and then the
procedure is repeated again up to 4 g
or 6 octaves (pyramid levels) LRERR)
@® Adjacent image scales are then subtracted | | |y
to produce the Difference-of- [ (=5 S
Gaussian (DoG) images

Octaves

Scale-space detection: Example

G (ko) — G (o) with increasing a starting from @ = 1.6 and s = 6 number of scales per octave




6.2. AUTOMATIC SCALE SELECTION, DETECTORS AND DESCRIPTORS

SIFT Features: Summary

e STFT: Scale Invariant Feature Transform [Lowe, IJCV 2004]
e An approach to detect and describe regions of interest in an image.
® NB: SIFT detector = DoG detector
o SIFT features are reasonably invariant to changes in rotation,
scaling, and changes in viewpoint (up to 60deg) and illumination
e Real-time but still slow (10 Hz on an i7 laptop)
® Expensive steps are the scale detection and descriptor extraction

SIFT Demo Use OpenCV lib in Python

RAW_RICH_KEYPOINT

SIFT repeatability vs. viewpoint angle

Repeatability= 100
# correspondences detected i . e
# correspondences present
8 &
5
o
E
=
T 40
2
8 Keypoint location
Location & orientation
20 Nearesl descriplor
0
0 10 20 30 40 50

Viewpoint angle (degrees)

SIFT repeatability vs. Scale

The highest repeatability is obtained when sampling 3 scales per octave

100 T
% de fi:_t_e_q [
Repeatability= | AT :
8 % cdrrectiy matched T
# correspondences detected = : [ \ ‘
g . | | i
60—
# correspondences present £ : . : ; I
| |
E Lm___‘__'_____.__‘___‘__4
g « | =T \
o | | | i
N | | Matching location and scale ———
AT "’\Iearest descriptor in database —»—
| | |
| | | [ |
0 \ h i i H i
1 2 3 B 5 6 7 a

Number of scales sampled per octave
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Influence of Number of Orientations and Number of
Sub-patches

The graph shows that a single orientation histogram (n = 1) is very poor at
discriminating, but the results continue to improve up to a 4x4 array of histograms
with 8 orientations. After that, adding more orientations or a larger descriptor can
actually hurt matching by making the descriptor more sensitive to distortion.

Comeet pawrust deserpter ()
|
|
1

Image gradients

4x4 HOGs

How many parameters are used to define a SIFT feature’

® Descriptor: 4 x 4 x 8 = 128-element 1D vector
® Location (pixel coordinates of the center of the patch): 2D vector
® Scale (i.e., size) of the patch: 1 scalar value

® Orientation (i.e., angle of the patch): 1 scalar value

SIFT for Object recognition

® (Can be simply implemented by returning as best object match the one with
the largest number of correspondences with the template (object to detect)

® 4 or 5 point RANSAC can be used to remove outliers (see next lectures)
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SIFT for Panorama Stitching

® AutoStitch: http://matthewalunbrown.com/autostitch/autostitch.html
® M. Brown and D. G. Lowe. Recognising Panoramas. ICCV 2003

Main questions

e What points are distinctive (i.e., features, keypoints, salient
points), such that they are repeatable? (i.e., can be re-detected
from other views)

® How to describe a local region?

® How to establish correspondences, i.e., compute matches?

Feature matching

® Given a feature in I;, how to find the best match in I57
@ Define distance function that compares two descriptors ((Z)SSD, SAD,
NCC or Hamming distance for binary descriptors (e.g., Census, BRIEF,
BRISK)
® Brute-force matching:
@ Test all the features in I
@® Take the one at min distance
® Issues with closest descriptor: can give good scores to very ambiguous
(bad) matches (curse of dimensionality)
® Better approach: compute ratio of distances to 1st to 2nd closest match
d(f1)/d(f2) < Thres usually 0.8
® d(fy) is the distance of the closest neighbor
® d(f2) is the distance of the 2nd closest neighbor
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SURF [Bay et al., ECCV 2006]

Speeded Up Robust Features
Based on ideas similar to SIFT

Approximated computation for
detection and descriptor

Results comparable with SIFT, plus:

— Faster computation
— Generally shorter descriptors

CHAPTER 6. FEATURE POINT DETECTION

Approximation using box filter
HNEN

=S HEE

Bay, Tuytelaars, Van Gool, " Speeded Up Robust Features ", European Conference on Computer Vision
(ECCV) 2006

FAST detector [Rosten et al., ICCV05]

Rosten, Drummond, Fusin;
Computer Vision (ICCV), 2005

* FAST: Features from Accelerated Segment Test
+ Studies intensity of pixels on circle around candidate pixel €
* Cisa FAST corner if a set of N contiguous pixels on circle are:
+ all brighter than intensity of (C) + theshold, or
+ all darker than intensity_of(C) + theshold

* Typically tests for 9 contiguous pixels in a 16-pixel circumference
+ Very fast detector - in the order of 100 Mega-pixel/second

oints and lines for high performance tracking, International Conference on

BRIEF descriptor [calonder et. al, ECCV 2010]

Calonder, Lepetit, Strecha, Fua,

+ Binary Robust Independent Elementary Features
= Goal: high speed (in description and matching)

+ Binary descriptor formation:
* Smooth image
= for each detected keypoint (e.g. FAST),

« sample 256 intensity pairs {p; ', po') i = 1, ..., 256) -
within a sguared patch around the keypoint
* Create an empty 256-element descriptor

« for each i*"pair

. if Ip < 1 then set i" bit of descriptor to 1
1 Pz

+ elsetoD

= The pattern is generated randomly (or by machine
learning) only once; then, the same pattern is used for all

patches

* Pros: Binary descriptor: allows very fast Hamming
distance matching: count the number of bits that are

different in the descriptors matched
= Cons: Not scale/rotation invariant

Pattern for intensity pair samples —
generated randomly

BRIEF: Binary Robust Independent Elementary Features, ECCV'10]
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ORB descriptor [Rublee et al., ICCV 2011]

* Oriented FAST and Rotated BRIEF

* Keypoint detector based on FAST

+ BRIEF descriptors are steered
according to keypoint orientation (to
provide rotation invariance)

* Good Binary features are learned by
minimizing the correlation on a set
of training patches.

Rublee,Rabaud, Konolige, Bradski, (2011). "ORB: an efficient alternative to SIFT or SURF" (PDF). IEEE
International Conference on Computer Vision {ICCV).

BRISK descriptor [Leutenegger, Chli, Siegwart, ICCV 2011]

* Binary Robust Invariant Scalable Keypoints
* Detect corners in scale-space using FAST
* Rotation and scale invariant

* Binary, formed by pairwise intensity
comparisons (like BRIEF)

+ Pattern defines intensity comparisons in
the keypoint neighborhood

* Red circles: size of the smoothing kernel
applied

+ Blue circles: smoothed pixel value used

+ Compare short- and long-distance pairs
for orientation assignment & descriptor
formation

+ Detection and descriptor speed: ~10
times faster than SURF

« Slower than BRIEF, but scale- and
rotation- invariant

Recap Table

Detector Descriptor that Localization Relocalization & Loop
can be used Accuracy of the closing
detector

Harris
ORB dhad P
BRISK R 44
Shi-Tomasi Patch ++++ F ++
SIFT e +
BRIEF 4 e+t
ORB +H++ +H++
BRISK +++ ey
FAST Patch dhbd +++ +H+4
SIFT 4+t +
BRIEF ++E e
ORB +dd e—
BRISK +HE 4+
SIFT SIFT +++ 444 7

SURF SURF o i ++
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Summary (things to remember)

® Similarity metrics: NCC (ZNCC), SSD (ZSSD), SAD (ZSAD), Census Transform
® Point feature detection

® Properties and invariance to transformations
® Challenges: rotation, scale, view-point, and illumination changes

® Extraction
® Moravec
® Harris and Shi-Tomasi: Rotation invariance

® Automatic Scale selection

® Descriptor
® Intensity patches: Canonical representation: how to make them invariant

to transformations: rotation, scale, illumination, and view-point (affine)

® Better solution: Histogram of oriented gradients: SIFT descriptor

® Matching
® (Z)SSD, SAD, NCC, Hamming distance (last one only for binary

descriptors) ratio 1st /2nd closest descriptor
® Depending on the task, you may want to trade off repeatability and robustness
for speed: approximated solutions, combinations of efficient detectors and
descriptors.

® Fast corner detector: FAST;
® Keypoint descriptors faster than SIFT: SURF, BRIEF, ORB, BRISK



Chapter 7

Multiple-view (Geometry

7.1 Epipolar Geometry

Epipolar Geometry

Given an image point in one view, where is the corresponding point in
the other view?

epipolar line

¢ I l)<epipole of

baseline

e A point in one view "generates" an epipolar line in the other view

® The corresponding point lies on this line

Epipolar line

® Reduces correspondence problem to 1D search along an epipolar
line
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Epipolar geometry continued

Epipolar geometry is a consequence of the coplanarity of the camera
centres and scene point

C c'
The camera centres, corresponding points and scene point lie in a single
plane, known as the epipolar plane

Nomenclature

= | " 5 .
/|~ right epipolar line
left epipolar line a
!
3 e
@ | o

e The epipolar line 1’ is the image of the ray through x

® The epipole e is the point of intersection of the line joining the
camera centres with the image plane

® this line is the baseline for a stereo rig, and
® the translation vector for a moving camera
® The epipole is the image of the centre of the other camera:
e=PC' e =PC
The Epipolar Pencil

As the position of the 3D point X varies, the epipolar planes "rotate"
about the baseline. This family of planes is known as an epipolar
pencil. All epipolar lines intersect at the epipole.

(a pencil is a one parameter family)
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Epipolar Geometry for Parallel Cameras

Fd 7
e at ’/‘ / # &t

Epipolar geometry depends only on the relative pose (position and
orientation) and internal parameters of the two cameras, i.e. the
position of the camera centres and image planes. It does not depend on
the scene structure (3D points external to the camera).

Epipolar Geometry for Converging Cameras

NI

| _‘; eI \ ﬁgj
-

Note : epipolar lines are in general not parallel

Algebraic representation of the epipolar geometry

/

X o |
point in first epipolar line in
image second image

¢ the map only depends on the cameras P, P’ (not on structure)

® it will be shown that the map is linear and can be written as
' = Fx, where F is a 3 x 3 matrix called the fundamental matrix
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Derivation of the algebraic expression I’ = Fx

P/
Step 1: for a point x in the first im-
age back project a ray with camera

P

PF
Step 2: choose two points p and q on \
the ray and project into the second P{ ’ﬂ
image with camera P’ .

C | o’
Step 3: compute the line through the
two image points using the relation M
I'=pxq

C | L=
Step 1 : for a point x in the first im-
age back project a ray with camera
P = K[I|0]

c | o

A point x back projects to a ray x(z) that satisfies
Px(z) = K[I|0]x(z) = x

where z is the point’s depth, since

X
x X
x=|y | =Ko [ 7 | =Ky
1 i z
K 1x
x(z) = ( 1 )
Step 2 : choose two points p and NG
q on the ray and project into the m

second image with camera P’

. . K 'x
Consider two points on the ray x(z) = 1
. 0
® 7z =0 is the camera centre 1

. . . . K 1x
® ; — oo is the point at infinity 0

Project these two points into the second view

P’<(1)):K’[Rt]<(l)):K’t

—1 —1
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Step 3 : compute the line through the two
image points using the relation I’ = p x q

P A

Compute the line through the points 1' = (K't) x (K'RK™'x)

Using the identity (Ma) x (Mb) =M "(a x b) where M " = (M 1)~ T = (M")~!

0 —t. ty
' =K'"T(t x (RK™'x)) = K~ T[t]«xRK~'x with [t]x = [ t. 0 —t, ]
~ty ty O

F — fundamental matrix

I =Fx F =K T[t]«xRK !

Points x and x’ correspond (x ¢+ x') then x"71' =0

xTFx =0 l

Example I : compute the fundamental matrix for a parallel camera

stereo rig
P=K[I | 0]

f te
K=K = f R=1 t=| 0
1] 0
F =K'~ T[t]«RK!
1/ 0 1/ 0
= 1/f 0 —t, 1/f = 0 -1
1] t. O 1 1 0
0 x
xXTFx= (a2 y 1) 0 -1 y | =0
1 0 1

e reduces to y = ¢/, i.e. raster correspondence (horizontal scan-lines)

Important Result

F is a rank 2 matrix

The epipole e is the null-space vector of F, i.e. Fe =0
In the case of parallel cameras

0 1 0
0 —1 0 ]l=120
1 0 0 0
so that
1
e= 0
0

Geometric Interpretation ?
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Summary : properties of the fundamental matrix

® F is a rank-2 homogeneous matrix with 7 DOF.
® Point correspondence :
if x and x’ are corresponding image points, then x'TFx = 0.
® Epipolar lines :
I' = Fx is the epipolar line corresponding to x
1 =F"x/ is the epipolar line corresponding to x’
® Epipoles :
Fe=0
Fle' =0
e Computation from camera matrices P and P’ :
P=K[I | O],PP=K[R | t] F=K"T[t] Rk}
E = [t]«R is called the essential matriz is the calibrated case.

How to compute the Essential Matrix?

Image 1 Image 2

® [f we don’t know R and t, can we estimate E from two images?

® Yes, given at least 5 correspondences

The 8-point algorithm

® The Essential matrix E is defined by
P3Ep1 =0

® Each pair of point correspondences py = (1, 01, 1)7,
P2 = (112, 2, 1) provides a linear equation:

Ul €11+ UV €12 +Ue13+Vally €21 +VaU1 €22 +02€23+U1€31+V1€32+€e33 = 0

with
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® For n points, we can write

€11
€12
€13
€21

H
-
-
o=
Sl
S 2
NN

e
SIS

LoNN
N
o
[N
SRS
NN
LN
el S
o
[
[
SIS
LR
N
=

(Sl
S
. NN
®)
IS
=

€23

U2 pUl,n U2Vl  U2n  V2npUln  U2nUln V2  Ulp  Uip 1 €31
€32
Q (known) e33

E (unknown)

e Solve the overdetermined Q.E = 0 using SVD factorization
[U,s,V] = SVD(@Q) .

e The solution E.g is the singular vector of V associated with the
smallest singular value of S

Extract R and t from E

e Singular Value Decomposition: E = USV”

® Enforcing rank-2 constraint: set smallest singular value of S to 0:

o 0 0 o 0 0
S = 0 o2 O = 0 o9 O
0 0 ox 0 0 0
A 0 1 0 0 F1 0
tl,=U|£1 0 0 |sviandR=U|+1 0 0 |V
0 0 0 0 0 0

t = Kt and R = KRK ! ]

4 possible solutions for R and t

A B B~ /A

/ (@) ® §

Only one solution where points are in front of both cameras

These two views are rotated of 180°
(c) (d)

€22 =0
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Robust Estimation

e Matched points are usually contaminated by outliers (i.e., wrong
image matches)
® Causes of outliers are:
® changes in view point (including scale) and illumination
® image noise
® occlusions

® blur
® For the camera motion to be estimated accurately, outliers must be
removed -

® This is the task of Robust Estimation

Image 2

Image | Image 2

Influence of Outliers on Motion Estimation

% Error at the loop closure: 6.5 m
» Error in orientation: 5 deg
» Trajectory length: 400 m

-20

i (meters)

b
=1

&
S

== Before removing the outliers

m— After removing the outliers
[ W a0 80 80 100 120 140
¥ {maters}

&
a

Outliers can be removed using RANSAC [Fishler & Bolles, 1981]

RANSAC (RAndom SAmple Consensus)

e RANSAC is the standard method for model fitting in the presence
of outliers (very noisy points or wrong data)

e [t can be applied to all sorts of problems where the goal is to
estimate the parameters of a model from the data (e.g., camera
calibration, Structure from Motion, DLT, PnP, P3P, Homography,
etc.)

e Let’s review RANSAC for line fitting and see how we can use it to
do Structure from Motion

M. A.Fischler and R. C.Bolles. Random sample consensus: A paradigm for model fitting with applications
to image analysis and automated cartography. Graphics and Image Processing, 1981.
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., " 4 Select data that supports current
.« ., hypothesis:
- * i : L ®
.o . "“ L ’ >
- : ¥ ; ® - . :
e % 2 ‘I -
- 0;0 2 . o
* o .rﬁ. - .:'
b ; [ ' “.'\
e ® . ® i : 1..' = e *
I Select sample of 2 points at random RN
2 Calculate model parameters that fit the N
data in the sample .f 3
3 Calculate error function for each data point
5 Repeat
e e -+ Repeat and repeat
: 0\. ' - . - L
i S w . -
-. WQ* * - = . L] .
- . . ..
. . - ., . . . o .
[t . - .
Select the set with the . " g
maximum number of inliers ; .
obtained within k iterations o

How many iterations does RANSAC need?

® [deally: check all possible combinations of 2 points in a dataset of
N points.
e Number of all pairwise combinations: N(N — 1)/2
® computationally unfeasible if N is too large.

® example: 1000 points = need to check all 1000%999/2 ~ 500 000
possibilities!
® Do we really need to check all possibilities or can we stop
RANSAC after some iterations?

® Checking a subset of combinations is enough if we have a rough
estimate of the percentage of inliers in our dataset

® This can be done in a probabilistic way

® w: number of inliers/ N
N: total number of data points
= w: fraction of inliers in the dataset = w =P(selecting an inlier-point out of
the dataset)
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® Assumption: the 2 points necessary to estimate a line are selected
independently
= w?: P(both selected points are inliers)
= 1 —w?: P(at least one of these two points is an outlier)

® Let k: nb. of RANSAC iterations executed so far
= (1 —w?)*: P(RANSAC never selected two points that are both inliers)

® Let p: P(probability of success)
= 1—p(1 —w?)* and therefore:

- log(l—p)

® The number of iteration k is: =
log1 — w?

¢ Knowing the fraction of inliers w, after K RANSAC iterations we
will have a probability p of finding a set of points free of outliers

e Example: if we want a probability of success p—=99% and we know
that w=50% = k=16 iterations - these are dramatically fewer than
the number of all possible combinations! As you can see, the
number of points does not influence the estimated number of
iterations, only w does!

® [n practice we only need a rough estimate of w. More advanced
variants of RANSAC estimate the fraction of inliers and adaptively
update it at every iteration

RANSAC applied to Line Fitting
@ Initial: let A be a set of N points

® Repeat
(3] Randomly select a sample of 2 points from A
Fit a line through the 2 points

Compute the distances of all other points to this line

© o 0

Construct the inlier set (i.e. count the number of points whose
distance < d)

@ Store these inliers
® Until maximum number of iterations k reached

® The set with the maximum number of inliers is chosen as a
solution to the problem

RANSAC applied to general model fitting
@ Initial: let A be a set of N points

® Repeat

(3] Randomly select a sample of s points from A

® Fit a model through the s points

®  Compute the distances of all other points to this model
(6]

Construct the inlier set (i.e. count the number of points whose
distance < d)

(7] Store these inliers
® Until maximum number of iterations k reached

©® The set with the maximum number of inliers is chosen as a
solution to the problem

_ log(1—p)

=
log1 — w*®
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The Three Key Ingredients of RANSAC

In order to implement RANSAC for Structure From Motion (SFM), we
need three key ingredients:

® What'’s the model in SFM?
® What’s the minimum number of points to estimate the model?

® How do we compute the distance of a point from the model? In
other words, can we define a distance metric that measures how
well a point fits the model?

Answers

® What’s the model in SFM?

® The Essential Matrix (for calibrated cameras) or the Fundamental
Matrix (for uncalibrated cameras)
® Alternatively, R and t

® What’s the minimum number of points to estimate the model?

® We know that 5 points is the theoretical minimum number of points
® However, if we use the 8-point algorithm, then 8 is the minimum

® How do we compute the distance of a point from the model? In
other words, can we define a distance metric that measures how
well a point fits the model?
® We can use the epipolar constraint (p2Ep; = 0 or pJFp; = 0) to
measure how well a point correspondence verifies the model E or F,
respectively. However, the Directional error, the Epipolar line
distance, or the Reprojection error (even better) are used

RANSAC iterations k vs. s

k is exponential in the number of points s necessary to estimate the
model:

* 8-point RANSAC

log(1-
—  Assuming - k= LP)I = 1177 iterations
. p=g9e%, log(1—=(1-£)")

= £=50% (fraction of outliers)
= & =8 points {8-paint algorithm]

*  5-point RANSAC -. =—1081=P)  _yis derations
—  Assuming log(1-(1-5)")
s pEE9n,

= &= 50% {fractlon of outllers)
= 5=5 points (5-point algorithm of David Nister (2004))

* 2-point RANSAC (e.g., line fitting) log(1- p)
—  Assuming - k=—""—-""—=16 iterations
- p=99, log(1—(1—£)")
» &= 50% [fraction of outliers)
* 5= paints
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RANSAC iterations k vs. €

k is exponential with the fraction of outliers €

Mumber of RANSAC iterations vs fraction of outliers
1200 T T a1 T

1000 F-

o T )| O ........ ......... S I O i _ ....... ....... RRE ........
BOO

Ty SR R R % - il — o o ——

Number of RANSAC iterations

e ¢ g || S ........ , ........ ,/ ..... ....... ....... .........

] 10 20 30 45 50 (=1] 70 80 Qﬁ 100
Fraction of outliers
RANSAC iterations

® As observed, k is exponential in the number of points s necessary to estimate
the model

® The 8-point algorithm is extremely simple and was very successful; however,
it requires more than 1177 iterations

® Because of this, there has been a large interest by the research community in
using smaller motion parameterizations (i.e., smaller s)

® The first efficient solution to the minimal-case solution (5-point algorithm)
took almost a century (Kruppa 1913 ? Nister 2004)

® The 5-point RANSAC (Nister 2004) only requires 145 iterations; however:

® The 5-point algorithm can return up to 10 solutions of E (worst
case scenario)
® The 8-point algorithm only returns a unique solution of E

Can we use less than 5 points?
Yes, if you use motion constraints!

Planar Motion

® Planar motion is described by three parameters: 6, ¢, p

cosf —sinf 0 pCOS ¢
R=| sinf cosf O | andt=| psing
0 0 1 0

® [et’s compute the Epipolar Geometry

® E = [t|xR, the Essential Matrix
* plEp; = 0, the Epipolar Constraint
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® Planar motion is described by three parameters: 6, ¢, p

cosf —sinf 0 pCOs @
R=| sinf cosf O | andt= | psing
0 0 1 0

® Let’s compute the Epipolar Geometry

0 0 psin ¢ cosf —sinf 0
E=[t]xR = 0 0 —pcos sinf cosf 0
—psing pcos¢ 0 0 0 1

0 0 psin ¢

=E= 0 0 —pcos ¢

—psin(¢ —0) pcos(p —0) 0

Planar motion is described by three parameters: 0, ¢, p

cosf —sinf O pCos P
R=| sinf cosf@ O | andt= psin ¢
0 0 1 0

Observe that E has 2DoF (6, ¢ because p is the scale factor); thus, 2
correspondences are sufficient to estimate 6 and ¢ ["2-Point RANSAC", Ortin, 2001]

0 0 psin ¢
E=[t]xR = 0 0 —pcos ¢
—psin

(¢—0) pcos(¢—10) 0

Planar & Circular Motion (e.g., cars)

Wheeled vehicles, like cars, follow locally-planar circular motion about the Instantaneous Center of Rotation (ICR)

K2

.

oo, 2 k XS | o
LL ‘_[ry-“ 1 .
J
= =1 |
Example of Ackerman steering principle Locally-planar circular motion

@ = 0/2 => only 1 DoF (0);

thus, only 1 point correspondence is needed

This is the smallest parameterization possible and results in

the most efficient algorithm for removing outliers

Scaramuzza, 1-Point-RANSAC Structure from Motion for Viehicle-Mounted Cameras by Exploiting Non-holonomic
Constraints, International Journal of Computer Vision, 2011
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Planar motion is described by three parameters: 6, ¢, p

cosf —sinf 0 pCos ¢
R=| sinf cosf 0O | andt= psin ¢
0 0 1 0

Let’s compute the Epipolar Geometry

0 0 sing
E=[t|]xR=p 0 0 —cosg
sing —cosg 0

P3EP1 = 0 = sin § (@2 + 1) 4 cos § (02 + 1) = 0

= —2tan " <—T}2 T >
uz + U1

1-Point RANSAC algorithm

ICR 0
.. :

i B l-.’_‘_““ i ‘9 E 400
r ' "<1 2
: B

! £ 200
] Compute # for 2 -
T every point

correspondence 0

[\-!-\-,
\ iy g

= -2un

Only 1 iteration!

The maost efficient algorithm for

remaving outliers, up to 1000 Hz

1-Point RANSAC is ONLY used to find the inliers.
Motion is then estimated from them in 6DOF

Comparison of RANSAC algorithms

1000
gonl
el
= 7B s-point RANSAC
5 oem
£
2 sop|-
5 a2-point RANSAC
F oam
2 |
2000
o0 - 1-point RANSAC -
o 10 ] a0 ] 50 o 0 o 0 100
Fraction af outhers in the data (%)
log(1-
= g(ip]' where we typically use p =99%
log(1-(1-&)")
Numb. of >1177 >145 >16 =1

iterations



7.2. TRIANGULATION 99

7.2 Triangulation

Problem statement

Given: corresponding measured (i.e. noisy) points x and x’, and
cameras (exact) P and P’, compute the 3D point X
Problem: in the presence of noise, back projected rays do not intersect

\ rays are skew in space

@
(D]

image 1

Measured points do not lie on corresponding epipolar lines

1. Vector solution

8: c’

Compute the mid-point of the shortest line between the two rays

2. Linear triangulation (algebraic solution)

Use the equations x ~ PX and x’ ~ P'X to solve for X
For the first camera :

P11 P12 P13 Pi4 PlT
P= | pa p2 ps pu | =| p*
P31 P32 P33 P34 p3T

Eliminate unknown scale in Ax = PX by forming a cross-product

X XPX=0
277X~ (pTX) = 0
y(P*TX) - (p*’X) = 0
z(p*TX) —y(p''X) = 0

Rearrange as



100 CHAPTER 7. MULTIPLE-VIEW GEOMETRY

Similarly for the second camera :

F AP
/. / -
yp- —P

Collecting together gives

AX =0
where A is a 4 X 4 matrix
2p3T — p!T
L yp3jT _pT
$/p/3T _ p/1T
y/p/3T _ p/2T

from which X can be solved up to scale.
Problem: does not minimize anything meaningful
Advantage: extends to more than two views

3. Minimizing a geometric/statistical error

The idea is to estimate a 3D point X which exactly satisfies the
supplied camera geometry, so it projects as

% ~PX and ¥ ~ P'X

and the aim is to estimate X from the image measurements x and x’

ming C(x,x') = d(x, %)? +d(x', %)?

Stereo Correspondence Algorithms

Problem Statement Given: two images and their associated cameras
compute corresponding image points.

Algorithms may be classified into two types:
@ Dense: compute a correspondence at every pixel

® Sparse: compute correspondences only for features
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Depth and disparity for a parallel camera stereo rig

f te

K=K = ! R=1 t =
1

- . . .  fte

Then 3y = y, and the disparity d = 2’ — 2 = &

svation - L — X ozl _ X4t
Derivation : FE T r =
g _ oz ts

F=rtz
Note :

® image movement (disparity) is inversely proportional to depth Z

® depth is inversely proportional to disparity

Dense Correspondence Algorithm

Parallel cameras: epipolar lines are corresponding rasters

Search problem (geometric constraint): for each point in the left image, the
corresponding point in the right image lies on the epipolar line (1D ambiguity)
Disambiguating assumption (photometric constraint): the intensity
neighbourhood of corresponding points are similar across images

Measure similarity of neighbourhood intensity by cross-correlation

Dense Correspondence Algorithm

Intensity profiles

Clear correspondence between intensities, but also noise and ambiguity
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Similarity Measure, principle

Local similarity maximization

N

Block matching by correlation

Normalized cross-correlation

subtractmean: A« A- < A> B+ B-< B>

i X AG, §) B, 5)

NCC = —
VEi T AG,§)%(/Ti T; B(i, 5)?
Write regions as vectors region A region B
\
A—a B—=b %
NCC !
"l llbl E

-1 <NCCKL1

vector a vector b

Cross-correlation of neighborhood regions

Invariant to I — al +
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J left image band (x)

j right image band (x')

i| cross

i X

i| correlation
i

i
X'i  disparity = X’ - x

target region

'-- n-l ] -E J left image band (x)

li’-- i -1' % a right image band (x')

i| cross

/\/\‘ /T\ %‘correlation

Ve \

LA L
AT =

x'i

as

Sketch of a dense correspondence algorithm

For each pixel in the left image

® compute the neighborhood cross correlation along the

corresponding epipolar line in the right image

® the corresponding pixel is the one with the highest cross-correlation

Parameters
e size (scale) of neighborhood
® search disparity
Other constraints
® uniqueness
® ordering
e smoothness of disparity field
Applicability

e textured scene, largely fronto-parallel

Example dense correspondence algorithm

left image right image
3D reconstruction

right image

103
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Views of a texture mapped 3D triangulation

Pentagon example

left image right image
T .bv } f'ﬂ» v %

range map

Error Analysis

_ _ fla _ Jta 0Z __ te __ Z>2
d=o' —a=lp, 2="F &=Ly =2
Z?
04 = ———4dd
[tz

Depth error proportional to depth squared

ox S/

I\
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TRIANGULATION

Rectification

For converging cameras
« epipolar lines are not parallel
; !
€ €,

Project images onto plane parallel to baseline

, \
Convert converging cameras to parallel camera
geometry by an image mapping

Left camera ?lgiﬁ Right camera
Raw i Images

M, Distorc((R, M,mu )

Undistortion @

(RM,.) ‘p

o

epipolar plane

Image mapping is a 2D homography
(projective transformation)

EE

Crop

EE

Example " .
original stereo pair

rectified stereo pair

105
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Chapter 8

Deep Learning and Semantic
Segmentation

8.1 Introduction

A linear predictor can be used to classify vector data. But how such a predictor can be
applied to images, text, videos, or sounds? This is possible thanks to an encoder, which maps
the data to a vectorial representation:

encoder ® representation

— d(x)eR?

linear predictor

F(x)=(w, &(x))

A meaningful representation ¢ has to be sensitive to semantic variations, and reflect in the
embedding space the semantic distance between two images x, y:

representation
Semantic similarity » Vecz;ci);tzlrr:ll:;nty

embedding space Rd

congruous
pair : k., near
KR far
incongruous /
pair

@ is invariant to nuisance
factors, sensitive to semantic
variations

The difference between Deep Learning methods and other representation method is that in
this case all the process is hidden inside the network:

107
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representation learned
A

handcrafted
features

handcrafted kernel I
. features embedding
kernel metric .
H embedding + learning ‘} predictor
}

[0} predictor

predictor

handcrafted
features

deep learning »

predictor

8.2 The perceptron

The perceptron is one of the earliest neural network ( by Rosenblatt, 1957). It maps a data
vector & to a posterior probability value y (for example the probability that « is an image of a
bicycle as opposed to something else):

prediction
P(y=11x, w)

parameters

The perceptron computes this probability by weighing the vector elements, summing them,
and then applying a non-linear activation function:

linear weighting

. non-linear
1 b accumulation -
activation
+1
X1 J_ +l or -1
X2 P(y=11x,w,Db) -1
XD

What the network learn is to classify elements w.r.t a decision boundary:
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®c=c ®cc,

WXy + Wy +wy =0
[y=zu+b. or /TR TS
y-ax-b=0

Qecg Qec

=X X,

Finding a line that separates two linearly separable pattern classes in 2-D can be
done by inspection. Finding a separating plane by visual inspection of 3-D data is
more difficult. but it is doable. For n > 3, finding a separating hyperplane by inspec:
tion becomes impossible in general. We have to resort instead to an algorithm to find
a solution. The perceptron is an implementation of such an algorithm. It attempts
to find a solution by iteratively stepping through the patterns of each of two classes
It starts with an arbitrary weight vector and bias, and is guaranteed to converge in a
finite number of iterations if the classes are linearly separable.

The perceptron algorithm is simple. Let « > 0 denote a correction increment (also
called the learning increment or the learning rate), let w(1) be a vector with arbi
trary values, and let w,,,(1) be an arbitrary constant. Then, do the following for
k =2.3,...: For a pattern vector, x(k), at step k,

1) If x(k) € ¢, and w’ (k)x(k) +w,., (k) < 0, let

w(k +1)=w(k) + ax(k)

Wk +1) =0, (k) + @ (12-40)
2) If x(k) € ¢, and wT(k)x(k)+ W, (k) 2 0, T
w(k + 1) — w(k) - ax(k) (12-41)
@y (ke + D=,y (k) - a
3) Otherwise, let
b el (12-42)

wn+l(k + 1) = wn+1(k)

What is the effects of the learning rate « in terms of classification error £7

Plots of E as a function of wx for r = 1.

E E
! ARy
0.50
QRN
RPN
R, ;
0s AR
0.25 025 {\‘\‘\‘\‘““‘2"3%“:‘{:‘:3
it
0 ",J’fl
21
0 wx 0 wx 1
0 1 24 0 1 2
A value of « that is toosmall  If « is too large, large oscillations 0

can slow down convergence.  or divergence may occur. Shape of the error function in 2-D.
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8.3 Multilayer feedforward neural networks

In this case the model of an artificial neuron is:

a(e-1) 20, (£)
az(f _ 1) wi!(l)
y h
z(t)= Zw,,ma,(r 1) a(6)= h(z(0)
Y 10
a, (¢£-1)
Neuron # in layer £

1.0 [ 10 6
h(z) = tanh(z) | h(z) = max(0, z)
) s 1 ifz>0
‘ 05} W) =1-[h@)] J h(z)—{o Hoed
0.5 ‘ 00
2
‘ -05
tanh I ReLu
0.0 l -10 " n n 0 . .
-6 -6 -4 -2 0 2 4 6 -6 -4 = 0 2 4 (]

a b c

Various activation functions. (a) Sigmoid. (b) Hyperbolic tangent (also has a sigmoid shape. but it is
centered about 0 in both dimensions). (¢) Rectiner linear unit (ReLU).

So the complete architecture is:

Neuron { in hidden layer ¢ Output a,(£) goes to all neurons in layer £+ 1

- L] - -
- . - -
- . . -
- . . .

‘f/ \ W

layer £
Hidden Layers
(The number of nodes in
the hidden layers can be
different from layer to layer )

Layer L
(Output)

Layer 1
(Input)

Example:
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In a matrix form is:

3
a(l)=x= {J] W(2)=[0'1 0.2 0.6] W(3)=[0'2 0.1]
1

04 03 0.1 0.1 04
0.4 0.6
b(2)= 0.2} m):[o.s]

Steps in the matrix computation of a forward pass through a fully connected, feedforward multilayer neural net.

Step Description Equations
Step1  Input patterns A)=X
Step2  Feedforward For £ =2,..., L, compute Z(f) = W(£)A(£ — 1) + B(¢) and A(¢) = h(Z(¢))

Step3  Output A(L)=h(Z(L))
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8.4 Convolutional neural networks

8.4.1 Backpropagation for FCN training

Matrix formulation for training a feedforward, fully connected multilayer neural network using backpropagation.
Steps 1-4 are for one epoch of training. X, R, and the learning rate parameter . are provided to the network for train-
ing. The network is initialized by specifying weights, W(1), and biases, B(1), as small random numbers.

Step Description Equations
Step1l Input patterns A(l)=X
Step2  Forward pass For £ =2,..., L, compute: Z(£) = W(HA(f-1) + B(£); A(£) = h(Z(1)):

W (Z(#)): and D(L) = (A(L) — R)OA'(Z(L))
Step3 Backpropagation  For f= L—1.L-2.....2 compute D{#)= ['w'f(f+ 1)[)(f+1))@h’(zm)

Step 4 L{pdale weightsand  Forr=2,..., L, let W(£)=W(#) — aD()AT(£-1), b(£) = b(#) - aZIZ.ﬁk(f)-
biases and B(f) = coﬂ;alpna[e{m;f)}, where the &, (¢) are the columns of D(#)
l[F mecs

8.4.2 Elements of convolutional neural networks

= £ £ £ - €
s| 3 =l 5 || 5 |l 5 22 | —> Flower
K] = o = o = 2 = o
= & = © = © = © 228
S8l 8~ 32l 2l —| 2|28, .. 3|28 8 —~|eseg G
[0} o [0) o =
sz 8| | s (=38 |:|%3(é& 5 |IE2)| € =5g oo
= = = = = ©
8 8 : 3 T &85 —>Tree
Input Image
Sliding window
2 |
=li - 1T X1
5 >
¥ ¥ * * ~onm , <Ml
i RN
Filters - , X3
light and dark simple shapes complex shapes } sSe ;f:; Zﬁcnlt::;o :;e, R
. .

\’@ VR — me
Every feature map output is the . - - _/

result of applying a filter to the image
The new feature map is the next input
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The LeNet Network This is the general functional architecture for the LeNet Network:
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We can see here an example for a handwritten character:
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After the training the network is then able to (probably) recognize the character:
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In the following image we can see the the weights of a trained LeNet architecture. On the top
there the weights (shown as bx5pixels images) corresponding to the 6 feature maps in the first
layer of the CNN. On the bottom there are the weights corresponding to the 12 feature maps
of the second layer:
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We show then a visual summary of an input image propagating through the CNN. Here are
shown all the results of convolution (feature maps) and pooling (pooled feature maps) for
both layers of the network:
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8.4.3 Learning a deep neural network with backpropagation

The principal steps used to train a CNN. The network is initialized with a set of small random weights and biases.
In backpropagation, a vector arriving (from the fully connected net) at the output pooling layer must be converted
to 2-D arrays of the same size as the pooled feature maps in that layer. Each pooled feature map is upsampled to
match the size of its corresponding feature map. The steps in the table are for one epoch of training,

Step Description
Step 1 Input images

Step2 Forward pass

Step3 Backpropagation

Step4 Update parameters

Equations
a(0) = the set of image pixels in the input to layer 1

For each neuron corresponding to location (x, y) in each feature map in layer ¢
compute: .

z, (O)=w(f)ka, (f-1) + b(f) and a,_ ()= h(z, (H): £=1.2,.... L
For each neuron in each feature map in layer ¢ compute:

8., (8) = (2, ()] 8., (£ + D rot1so(w(f+1)) | £ = L, - 1L, -2....1

Update the weights and bias for each feature map using
Wy, (£)=w, () — ad ,(f)*rot180(a(f-1)) and
BE)=b(F) -« ¥ 8, (£ £=12,....L,

x _}'

Optimization using Stochastic Gradient Descent:

e Choose an initial vector of parameters w and learning rate 7).
e Repeat until an approximate minimum is obtained:
e Randomly shuffle examples in the training set.
e Fort=1,2,...,n,do:
ew:=w—nVQ;(w).

Momentum:

w:=w—nNVQ;(w) + aAw

ADAM: Adaptive Moment Estimation:

mg+1) — ﬁlmg) +(1- 51)VwL(t)
v Byl 4 (1= By)(V, L0)?
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8.4.4 Applications
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[Simonyan & Zisserman 2015. Very deep convolutional networks for large-scale image recognition] Andrew Ng

Semantic segmentation: SegNet

Convolutional Encoder-Decoder

Input

Output

T _
RGB Image -Canv + Batch Normalisation + RellU Seg mentation
I Pooling I Upsampling Softmax

Deep Learning Frameworks: Nvidia CUDA drivers + CUDA SDK + CuDNN
(https://developer.nvidia.com/); TensorFlow (https://www.tensorflow.org/) + Keras
(https://keras.io/)
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