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Chapter 1

Signals

1.1 Continuous vs. Discrete

When “name”/“name” it refers continuous/discrete.

xptq Signal x pxrnsqnPZ

Continuous-time signal Definition Discrete-time signal
is a function is a serie

x : RÑ C t ÞÑ xptq

Ex “

ż 8

´8

|xptq|2dt
Energy of the

signal x Ex “
8
ÿ

n“´8

|xrns|2

Px “ lim
TÑ8

1

2T

ż T

´T
|xptq|2dt

Power of the
signal x Px “ lim

NÑ8

1

2N ` 1

N
ÿ

n“´N

|xptq|2dt

Px “
1

T

ż T

0
|xptq|2dt

Mean power of
a periodic signal
x (period T P R

or N P Z)

Px “
1

N

N´1
ÿ

n“0

|xptq|2dt

Energy signal ô Ex finite Power signal ô Px finite

xptq “ xp´tq
Time-reversed

signal
xrns “ xr´ns

1
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xpkqptq “
dx

dt
, k ăăă 0

Derivative /
time-shift of the

signal x
xpkqrns “ xrn` ks, k ă 0

k ă 0 Ñ pdelayq

xpkqptq “

ż t

´8

xpkq`1puqdu, k ąąą 0

Primitive /
time-shift of the

signal x
xpkqrns “ xrn` ks, k ą 0

k ą 0 Ñ ppull aheadq

xa,toptq “
1

a

|a|
x
´ t´ t0

a

¯

Transformation
/ Interpolation

of the signal x
xN,n0rns “

#

x
“

n´n0
N

‰

if n´n0
N P N

0 otherwise

a ą 1 signal “stretched” on t axis.
1{
a

|a| Ñ energy preserving
t0 is a delay/pull-ahead.

is a time-expanded, add N
0-valued samples between each
previous sample. It’s energy

preserving. n0 is a
delay/pull-ahead.

xa,toptq “
1

a

|a|
x
´ t´ t0

a

¯

Transformation
/ Decimation of

the signal x
x 1

N
,n0
rns “ rNpn´ n0qs

a ă 1 signal “shrinked” on t axis.

is a time-contracted, remove all
the samples between n and n`N

samples. It’s not energy
preserving.

1.1.1 Examples

´2 0 2
0

0.5
1

1.5
2

time t

si
gn

a
l
x
pt
q

´2 0 2
0
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time t
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gn

a
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x
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,0
pt
q

´2 0 2
0
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1.5
2

time t
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x
2
,1
pt
q

Figure 1.1: Transformation and time-shift (continuous-time signal)
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Figure 1.2: Interpolation and decimation (discrete-time signal)
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Figure 1.3: Delay and pull-ahead (discrete-time signal)

1.2 Standard Functions & Series

1ptq “ 1
Unit

constant
1rns “ 1

t P R ÞÑ a ¨ exp rjp2πft` φqs Cisoid
´

a ¨ exp rjp2πλt` φqs
¯

nPZ

amplitude a ą 0, frequency λ P R
frequency f P R, If Dk P Z s.t λ1 “ λ` k

initial phase φ P R then: a exp rjp2πλ1t` φqs “
“ a exp rjp2πλt` φqs

stepptq “

#

0 , if t ă 0

1 , if t ě 0
Step steprns “

#

0 , if n ă 0

1 , if n ě 0

“

δ
‰

ş
ş
şt
´8
ÝÑ
ÐÝ
d{dt

“

step
‰

ş
ş
şt
´8
ÝÑ
ÐÝ
d{dt

“

ramp
‰ ˜steprns “

$

’

&

’

%

0 , if n ă 0
1
2 , if n “ 0

1 , if n ą 0

rampptq “

#

0 , if t ă 0

t , if t ě 0
Ramp ramprns “

#

0 , if n ă 0

t , if n ě 0
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rectptq “

#

1 , if ´ 1
2 ă t ă 1

2

0 , otherwise

Rectan-
gular

window
rectN rns “

#

1 , if 0 ď n ď N ´ 1

0 , otherwise

Integral and energy are 1.

δptq “

#

`8 , if t “ 0

0 , otherwise

Dirac /
Kroe-
necker
delta

δrns “

#

1 , if n “ 0

0 , otherwise

More gen.: t ÞÑ α δpt´ t0q
α is the mass of the delta Ó Ó Ó
şt
´8

α δpuq du “ α stepptq

ż `8

´8

xptq δpt´ t0q dt “ xpt0q
Sifting

property

8
ÿ

´8

xrnsδrn´ n0s “ xrn0s

δ
´

t
a

¯

“ |a| δptq
Time scale

for δ

δptq “

ż `8

´8

exprj 2π f ts df

Integral
formulation
(Dirichlet?)

δrns “

ż `1{2

´1{2
exprj 2π λ ts dλ

IIIptq “
`8
ÿ

´8

δpt´ kq “

“

`8
ÿ

´8

exprj 2π f ts

Dirac /
discrete-

time
comb

1N,0rns “
`8
ÿ

´8

δpn´ kNq “

“
1

N

N´1
ÿ

0

exp
”

j 2π
k

N
n
ı

The comb is obtained interpolating
the unit constant (that’s why 1N,0rns).

(a) Cisoid (b) Discrete cisoid
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Only continuous-time domain:

sincptq “

#

sinpπtq
πt pt ‰ 0q

1 pt “ 0q
“

ż `1{2

´1{2
exprj2πfts df Cardinal sine ˆ

Integral and energy are 1. Ó Ó Ó

sincpKq “ 0, @K P rZ´ t0us.

lim
aÑ0

1
|a|sinc

`

t
a

˘

“ δptq Time-contraction
behavior

diricN ptq “

#

sinpNπtq
N sinpπtq , if t R Z
p´1qtpN´1q , if t P Z

Dirichlet
function

ˆ

Continuous function. Ó Ó Ó

Periodic (T “ 1) if N odd.
Periodic (T “ 2) if N even,

but there is a symmetry w.r.t.
`

1
2 , 0

˘

.

diricN

´ a

N
R Z

¯

“ 0, @a P N Zeros

Main lobe around 0, the others are “side lobes”.

DN ptq “ N expr´jπpN ´ 1qts ¨ diricN ptq
Dirichlet

kernel
ˆ

Periodic (T “ 1) @N . Ó Ó Ó

DN

´ a

N
R Z

¯

“ 0, @a P N Zeros

DN pKq “ N, @K P Z

ż T {2

´T {2
DN ptq dt “ 1 ñ Px “ N Mean power

lim
NÑ8

DN ptq “ IIIptq
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(c) Cardinal sine (d) Dirichlet function (e) Dirichlet kernel

1.3 Convolution

px ˚ yqptq “

ż 8

´8

xpτqypt´τq dτ Ð Definition Ñ px ˚ yqrns
8
ÿ

k“´8

xrksqyrn´ ks

– Properties:

Commutativity Associativity Identity element δ
x ˚ y “ y ˚ x px˚yq˚z “ x˚py˚xq “ x˚y˚z x ˚ δ “ x

Convolution with time-shifted pulse time-shifts
x ˚ δ1,t0 “ x1,t0

———————————————————————————————————

For periodic (T / N) signals:

px g yqptq “

ż T

0
xpτqypt´τq dτ Ð Definition Ñ px g yqrns

N´1
ÿ

k“0

xrksqyrn´ ks

– Properties:

Identity element
(time-continuous)

Commutativity and
Associativity

Identity element
(time-discrete)

1?
T

IIIT,0 (...) 1N,0

Convolution with time-shifted neutral element time-shifts
1?
T
x g IIIT,t0 “ x1,t0 x g 1N,n0 “ x1,n0

1.4 Continuous Ñ Discrete: Sampling

xsrns “ xptnqnPN

´

Ñ tn ´ tn´1 “ Ts “ f´1s Ñ

¯

xsrns “ xpn Tsq “ xpn{fsq

If xptq has a discontinuity in n0 Ts, then xrn0s “ xpn0 Ts
`q.
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If xptq has a dirac pulse α δptq in n0 Ts, then xrn0s “
α
Ts

.

So:

δptq sampling
Ñ δsrns “

1
Ts
δrns

stepptq sampling
Ñ stepsrns “ steprns

rampptq sampling
Ñ rampsrns “

1
Ts

ramprns

1.5 Continuous Ð Discrete: Holding

Impulse hold (IH) xIHptq “ Ts

`8
ÿ

n“´8

xrns δpt´ n Tsq

Zero-order hold (ZOH) @n P Z, @t P
`

nTs, pn` 1qnTs
˘

, xZOHptq “ xrns

Ñ Ñ Ñ xZOHptq “ Ts

`8
ÿ

n“´8

pxrns ´ xrn´ 1sq steppt´ n Tsq

First-order hold (FOH,
linear interpolation)

@n P Z, @t P
`

nTs, pn` 1qnTs
˘

,

xFOHptq “ xrns `
´

pt´ nTsq
xrn`1s´xrns

Ts

¯

Ñ Ñ Ñ xFOHptq “ Ts

`8
ÿ

n“´8

pxrn`1s´2xrns`xrn´1sq ramppt´n Tsq

(f) Impulse Hold (g) Zero-order Hold (h) First-order Hold
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1
.6

F
o
u
ri
e
r
A
n
a
ly
si
s

´

R
em

in
d

:
x
f
|g
y
“

ż

8 ´
8

f
¨
g
˚

¯

F
o
u

ri
e
r

tr
a
n

sf
o
rm

F
o
u

ri
e
r

se
ri

e
s

F
o
u

ri
e
r

tr
a
n

sf
o
rm

D
F

T
F c

c
:
x
pt
q
ÞÑ

F c
c
x
pf
q

F c
c

F d
c

:
x
pt
q
ÞÑ

F c
c
x
pλ
q

F d
d

F
c
c
x
pf
q
“
x
x
pt
q|
ej

2
π
f
t y

F
c
d
x
rn
s
“

1 T
x
x
pt
q|
ej

2
π

n T
t y

F
d
c
x
pλ
q
“

8
ÿ

n
“
´
8

x
rn
se
´
j
2
π
λ
n

F
d
d
x
pk
q
“

1 N

N
´
1

ÿ n
“
0

x
rn
se
´
j
2
π

k N
n

x
pt
q
“
x
F c

c
x
pf
q|
e´

j
2
π
f
t y

x
pt
q
“

8
ÿ

n
“
´
8

F c
d
x
rn
se
j
2
π

n T
t

x
rn
s
“

ż

1
{
2

´
1
{
2
F d

c
x
pλ
qe
j
2
π
λ
n
d
λ

x
rn
s
“

N
´
1

ÿ k
“
0

F d
d
x
rk
se
j
2
π

k N
n

—
—

—
—

—
—

—
—

F c
c
x
pf
q
“

8
ÿ

n
“
´
8

F c
d
x
rn
s
δ´

f
´
n T

¯

F d
c
x
pλ
q
“

1 T
s
F c

c
x
I
H

´

λ T
s

¯

F d
c
x
pλ
q
“

N
´
1

ÿ k
“
0

F d
d
x
rk
s

II
I´

λ
´
k N

¯

S
im

m
et

ry
:

F c
c
x
˚
pf
q
“
pF

cc
x
p´
f
qq
˚

F c
c
x
pf
q
“

F c
c
x
p´
f
q

(.
..

M
or

e
on

sy
m

m
et

ry
af

te
r

..
.)

(λ
“
f
{
f s

is
d

im
e
n

si
o
n

le
ss

!!
!)

F c
c
x
˚
pf
q
“
pF

cc
x
pf
qq
˚
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1.6.1 Parseval theorem

Fourier transform preserves energy. If Ex finite:

ptq Ñ Ex “

ż 8

´8

|xrns|2 “

ż 8

´8

|Fccxpfq|2 df, rns Ñ Ex “
8
ÿ

n“´8

|xrns|2 “

ż 1{2

´1{2
|Fdcxpλq|2 dλ

|Fccxpfq|2 : f ÞÑ |Fdcxpfq|2 or |Fdcxpλq|2 : f ÞÑ |Fdcxpλq|2 is the energy spectrum
pÑ its integral over frequency gives the energy).

1.6.2 Symmetry properties

The following symmetry properties hold @F :

1.6.3 Fourier properties

For “sinus” Ñ “modulation” and for time-scale see the Complex Transforms Properties (Section
1.7.2).
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1.7 Complex analysis

1.7.1 Two-sided Laplace transform (EFcc) vs. z-transform (EFdc)

If Fccxpfq “
ş8

´8
xptqej 2π f t dt does not converge, EFcc Ñ we will use Laplace transform.

If Fdcxpλq “
ř8
n“´8 xrnse

´j 2π λ n does not converge, EFdc Ñ we will use z-transform.

Laplace transform z-transform
L : xptq ÞÑ Lxpsq Z : xrns ÞÑ Zxpzq

Lxpsq “
ż 8

´8

xptqe´stdt Zxpzq “
8
ÿ

n“´8

xrnsz´n

LxIH “ TsZxpe´sTsq

Convergence domain: Convergence domain:
Σx “ ts | σmin ă <tsu ă σmaxu Σx “ tz | ρmin ă |z| ă ρmaxu

(On boundaries (s “ σ or |z| “ ρ) the transform can exist,
but we need theory of distributions to derive this transform properly)

For causal signals (xptq “ 0 @t ă 0q) For causal signals (xrns “ 0 @n ă 0q)
Ñ Σx ” right half-plane. Ñ Σx ” outside a disk.

For anticausal signals (xptq “ 0 @t ą 0q) For anticausal signals (xrns “ 0 @n ą 0q)
Ñ Σx ” left half-plane. Ñ Σx ” is a disk.

If < “ 0 is included in Σx If |z| “ 1 is included in Σx

Ñ Fccxpfq “ Lxpj 2π fq Ñ Fdcxpλq “ Zxpej 2π λq

σmin and σmax are the real part ρmin and ρmax are the modulus
of poles of the Laplace transform. of poles of the z-transform.

There is no pole in Σx There is no pole in Σx
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Inverse Laplace transform Inverse z-transform
For the inverse transform Σx is needed For the inverse transform Σx is needed
Choose a σ s.t. ts | <tsu “ σu Ă Σx: Choose a ρ s.t. tz | |z| “ ρu Ă Σx:

xptq “

ż 8

´8

Lxpσ ` j2πfq
“

epσ`j2πfq t
‰

df xrns “

ż 1{2

´1{2
Zx

`

ρej 2π λ
˘

”

ρej2πλ
ın
dλ

The signal is decomposed as a sum of damped cisoids.

1.7.2 Complex transforms properties

Property: Laplace transform: z-transform:

– Linearity: Lpx` yq “ Lx` Ly Zpx` yq “ Zx` Zy
rΣx X Σys Ă Σx`y

Lpa xq “ a Lx Zpa xq “ a Zx
Σax ” Σx

– Time-shift: Lx1,t0psq “ e´s t0Lxpsq Zxpkqpzq “ zkZxpzq
Σxpkq ” Σx

– Modulation
(a P C) :

ÓÓ yptq “ xptqeat ÓÓ ÓÓ yrns “ xrnsean ÓÓ

Lypsq “ Lxps´ aq Zypzq “ Zxpze´aq
Σy “ Σx ` a

Ñ for Fourier :
(Modulation)

ÓÓ a “ j2πf0 ÓÓ ÓÓ a “ j2πλ0 ÓÓ

Fccypfq “ Fccxpf ´ f0q Fdcypλq “ Fdcxpλ´ λ0q

– Derivative: L 9xpsq “ s Lxpsq
Σx Ă Σ 9x

– Integral: Lxp´1qpsq “ 1
s Lxpsq

rΣx X ts|<psq ą 0us Ă Σxp1q

– Time-scale: Lxa,0psq “
a

|a|Lxpasq ZxN,0pzq “ ZxpzN q
Σxa,0 ” Σx{a ΣxN,0 ” Σ

1{N
x

Ñ for Fourier :
(Time-scale)

Fccxa,0pfq “
`

Fccxpfq
˘

1
a
,0

– Convolution: Lpx ˚ yq “ LxLy Zpx ˚ yq “ ZxZy
rΣx X Σys Ă Σx˚y
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1.8 Transforms summary

1.8.1 Continuous time
APPENDIX B. SUMMARY TABLES 55

Laplace transforms (α ∈ C, k ∈ N∗)

x(t) = Lx(s) = <(s) ∈
Dirac pulse δ(t) 1 R

Step step(t) =





0 if t < 0
1
2 if t = 0

1 if t > 0

1

s
]0,+∞[

Ramp ramp(t) = t step(t)
1

s2 ]0,+∞[

Causal damped
sinusoid (α ∈ R)

e−α t cos(ω t+ φ) step(t)
(s+ α) cosφ− ω sinφ

(s+ α)2 + ω2 ]− α,+∞[

Causal damped
cisoid

e−α t step(t)
1

s+ α
]−<(α),+∞[

Generalization
1

(k − 1)!
tk−1 e−α t step(t)

1

(s+ α)k
]−<(α),+∞[

Anticausal damped
cisoid

−e−α t step(−t) 1

s+ α
]−∞,−<(α)[

Generalization − 1

(k − 1)!
tk−1 eα t step(−t) 1

(s+ α)k
]−∞,−<(α)[

Damped
cisoid (<(α) > 0)

e−α |t|
2α

α2 − s2 ]−<(α),<(α)[

Rectangular window rect(t) =





1 if |t| < 1
2

1
2 if t = ± 1

2

0 otherwise

{
1
s

(
e
s
2 − e−

s
2

)
if s 6= 0

1 if s = 0
R

Fourier transforms (continous time) (f0 ∈ R)
x(t) = Fccx(f) =

Dirac pulse δ(t) 1

Step step(t) =





0 if t < 0
1
2 if t = 0

1 if t > 0

1

j 2π f
+

1

2
δ(f)

Rectangular window rect(t) =





1 if |t| < 1
2

1
2 if t = ± 1

2

0 otherwise
sinc(f)

Cardinal sine sinc(t) =

{
sin(π t)
π t si t 6= 0

1 si t = 0
rect(f)

Dirichlet function diricN (t) =

{
sin(N π t)
N sin(π t) if t 6∈ Z
(−1)t (N−1) if t ∈ Z

1

N

N−1∑

k=0

δ(f − N − 1

2
+ k)

Dirichlet kernel
DN (t) = N e−j π (N−1) t diricN (t)

=

N−1∑

k=0

e−j 2π k t

N−1∑

k=0

δ(f + k)

Unit constant 1 δ(f)

Cisoid ej 2π f0 t δ(f − f0)

Comb X(t) =

+∞∑

k=−∞
δ(t− k) X(f)
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1.8.2 Discrete time

APPENDIX B. SUMMARY TABLES 56

z-transforms (α ∈ C, k ∈ N∗, N ∈ N∗)

x[n] = Zx(z) = |z| ∈

Pulse δ[n] =

{
0 if n 6= 0

1 if n = 0
1 R

Step step[n] =

{
0 if n < 0

1 if n > 0

1

1− z−1 ]1,+∞[

Ramp ramp[n] = n step[n]
z−1

(1− z−1)2 ]1,+∞[

Causal damped
cisoid

(−α)n step[n]
1

1 + α z−1 ]|α|,+∞[

Generalization
(
n+ k − 1

k − 1

)
(−α)n step[n]

1

(1 + α z−1)k
]|α|,+∞[

Anticausal damped
cisoid

−(−α)n step[−n− 1]
1

1 + α z−1 ]−∞, |α|[

Generalization (−1)k
(−n− 1

k − 1

)
(−α)−n step[−n− k]

1

(1 + α z−1)k
]−∞, |α|[

Damped
cisoid (|α| < 1)

(−α)|n|
1

1 + α z−1 +
1

1 + α z
− 1 ]|α|, 1

|α| [

Rectangular window rectN [n] =





0 if n < 0

1 if 0 6 n 6 N − 1

0 if n > N − 1

{
1−z−N
1−z−1 if z 6= 1

N if z = 1
R

Fourier transforms (discrete time) (λ0 ∈ R, N ∈ N∗)

x[n] = Fdcx(λ) =

Pulse δ[n] =

{
0 if n 6= 0

1 if n = 0
1

Step step[n] =

{
0 if n < 0

1 if n > 0

1

1− e−j 2π λ
+

1

2
X(λ)

Rectangular window rectN [n] =





0 if n < 0

1 if 0 6 n 6 N − 1

0 if n > N − 1

DN (λ)

Unit constant 1 X(λ)

Cisoid ej 2π λ0 n X(λ− λ0)

Comb 1N,0[n] =

{
1 if n

N ∈ Z
0 otherwise

1√
N

X 1
N ,0

(λ) = X(N λ)

1.9 Sampling of a discrete-time signal. Shannon theorem

xsrns “ xpn Tsq, Fccxpfq “
ş8

´8
xptqe´j2πft dt, Fdcxspλq “

ř8
n“´8 xsrnse

´j2πλt

Is it possible to recover the continuous time signal x from the sampled signal xs?
In the spectral domain: is it possible to recover Fccx from Fdcx?

Fccxpfq »
1

fs
Fdcxs

´ f

fs

¯

Ñ under what assumptions is not an approximation?
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We can write Fdcxs with respect to Fccx: 1

Fdcxspλq “ Fdcxs
´ f

fs

¯

“ fs

8
ÿ

n“´8

Fccxpf ´ n fsq

Ñ so, Fdcxs is the sum of Fccx replicas shifted every fs (is a periodic Fourier transform). So,
if fmax ă

fs
2 the spectrum is not distorted in the frequency band r´fs

2 ,
fs
2 s. But if fmax ą

fs
2

the spectrum is distorted around half the sampling frequency. This is called aliasing.

Shannon theorem: Under the Shannon condition: Fccxpfq “ 0 @f R
”

´
fs
2 ,

fs
2

ı

then:

Fccxpfq “
1

fs
Fdcxs

´ f

fs

¯

@f P r´
fs
2
,
fs
2
s

In the time domain, this leads to the Whittaker-Shannon interpolation formula:

xptq “
ÿ

nPN
xsrns sinc

´ t´ nTs
Ts

¯

ñññ
fs
2 is the Shannon/Nyquist frequency.

1.10 Decimation of a discrete-time signal

x 1
N
,0rns “ xrN ns

Is it possible to recover the signal x from the down-sampled signal x 1
N
,0?

In the spectral domain: is it possible to recover Fdcx from Fdcx 1
N
,0?

We can write Fdcx 1
N
,0 with respect to Fdcx: 2

Fdcx 1
N
,0pN λq “

1

N

8
ÿ

l“´8

Fdcx
´

λ´
l

N

¯

Ñ so, Fdcx 1
N
,0 is the sum of Fdcx replicas shifted every 1

N . This is periodic with period 1
N .

”Decimation” theorem: Under the condition: Fdcxpλq “ 0 @λ R
”

´ 1
2N , 1´

1
2N

ı

then:

Fdcxpλq “ NFdcx 1
N
,0pNλq @λ P r´

1

2N
,

1

2N
s

In the time domain Ñ xrns “
8
ÿ

k“´8

x 1
N
,0rks sinc

´n´ kN

N

¯

ñññ 1
2N is the limit frequency.

1Proof on SIPRO Book.
2Proof on SIPRO Book.
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