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Chapter 1

Signals

1.1 Continuous vs. Discrete

When “name” /“name” it refers continuous/discrete.

x(t)

Continuous-time signal
is a function
z:R—->C te x(t)

E, = foo |z (t)|?dt

—0

_ 1 (T

P, == t)|2dt
T, |z(t)|

Energy signal < E, finite

z(t) = z(—t)

Signal x

Definition

Energy of the
signal x

Power of the
signal x

Mean power of

a periodic signal

x (period T € R
or NeZ)

Time-reversed
signal

(@[n])nez

Discrete-time signal
is a serie

1

P, = lim — —
v NlinooQNHn

PIREGI

=N

1 =1
B 2
P, = N 7;0 |=(t)|"dt

Power signal < P, finite



t
ﬂW0=J B+ () du, k> 0
—o
B 1 t—1o
$a7to(t)—\/m$< . )

a > 1 signal “stretched” on t axis.

la| — energy preserving
to is a delay/pull-ahead.

1/

Tayt,(t) =

1 t—tp
\/ml( a )

a < 1 signal “shrinked” on t¢ axis.

1.1.1 Examples

= 2
T 15
= 1
5 05
“ 0
-2 0 2
time ¢

signal 2 (t)

time-shift of the

Transformation
/ Interpolation
of the signal x

CHAPTER 1. SIGNALS

Derivative /
time-shift of the

2®n] = z[n+ k], k<0
signal x

k <0 — (delay)

Primitive /
e®[n] = z[n+ k], k>0
signal x

k>0 — (pull ahead)

o[25] if 2FeeN

0 otherwise

TNmo[n] = {

is a time-expanded, add N
0-valued samples between each
previous sample. It’s energy
preserving. ng is a
delay /pull-ahead.

Transformation
/ Decimation of 1, [n]=
0

the signal x

is a time-contracted, remove all
the samples between 7 and n + N
samples. It’s not energy

preserving.
2 = 2
1.5 < L5
1 S|
0.5 = 05
&b
0 %
-2 0 2 -2 0 2
time ¢ time ¢

Figure 1.1: Transformation and time-shift (continuous-time signal)



1.2. STANDARD FUNCTIONS & SERIES

signal z[n]
O =N W
signal x9o[n]
O =N W

0
sample n

= 4
S 3
B 2
go 1
2 4 6 8
sample n sample n

Figure 1.2: Interpolation and decimation (discrete-time signal)

signal x; 2[n]
O == N W

sample n

signal x1 _2[n]
O~ N Wk

-2 0 2 4
sample n

Figure 1.3: Delay and pull-ahead (discrete-time signal)

1.2 Standard Functions & Series

Unit

1) =1 constant 1n]=1
teRw— a-exp [j(27ft + ¢)] Cisoid (a -exp [j(2m At + qb)]) ,
ne
amplitude a > 0, frequency A € R
frequency f € R, If3keZ st N =X+k
initial phase ¢ € R then: aexp [j(27\N't + ¢)] =
= aexp [j(2TAt + ¢)]
0 f t<0 0 ) 0
step(t) =<4 ' Zf = Step step[n] =< ' zf "=
1, if t=0 1, if n=0
St St O 5 Zf n < 0
[6] < [step] «— [ramp] step[n] =45, if n=0
d/dt d/dt 1. if n>0
0 f t<0 0 ) 0
ramp(t) = { Z,f = Ramp ramp[n] =< ' Z,f "=
t, if t=0 t, if n=0



CHAPTER 1. SIGNALS

1L 1,1 Rectan- L. if0<n<N_1
rect(t) =< ' ! 2 2 gular recty[n] =< "’ ! .n
0, otherwise window 0, otherwise
Integral and energy are 1.
Dirac /
400, if t=0 Kroe- 1, i =0
o(t) = '/ necker d[n] = o
0, otherwise 0, otherwise
delta

More gen.: t — « §(t — tg)
a is the mass of the delta Ll

St_oo a d(u) du = a step(t)

+0 Sifting &
LD 2(8) 8(t — to) dt — z(to) i S a[n)d[n — no] = o]
—00
Time scale
t) =
5(“) jal o(2) for §
oo Integrafl Ry
o(t) = f explj 27 f t] df formulation 8[n] =f explj 27 A t] dA
—© (Dirichlet?) —1/2
+o0 ) +00
III(t) = ) 6(t— k) = Dirac / 1no[n] = D 6(n—kN) =
s discrete- —x
time
+o0 N-1
. comb 1 k
- o ft - O
;Oexp[j 7 ft] 7 ZOJ exp [] 2m N n]

The comb is obtained interpolating
the unit constant (that’s why 1x0[n]).

(a) Cisoid (b) Discrete cisoid



1.2. STANDARD FUNCTIONS & SERIES

Only continuous-time domain:

sin(mt) 1/2
sinc(t) = { o (£#0) = er exp[j2n ft] df

1 (t =0) ~1/2

Integral and energy are 1.
sinc(K) =0, VK € [Z — {0}].
iii% ﬁsinc(t) =4(t)

a

sin(Nwt) if t¢7Z
dirien (1) = N sin(mt) v
1 N( ) {(_Dt(N—l) ’ ’Lf te?Z

Continuous function.
Periodic (T'=1) if N odd.
Periodic (T' = 2) if N even,

but there is a symmetry w.r.t. (%, 0).

diricy (% ¢ Z) —0,VaeN

Main lobe around 0, the others are “side lobes”.

Dy (t) = Nexp[—jn(N — 1)t] - diricy (t)

Periodic (T'=1) VN.
DN(%géZ) —0, VaeN

Dn(K) =N, VK eZ

Cardinal sine

Ll

Time-contraction
behavior

Dirichlet
function

Ll

Zeros

Dirichlet
kernel

Vil

Zeros

Mean power
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1 _10
Ll nrn = o B S
-1 L L1 0 Y1 L1y R
—4-3-2-10 1 2 3 4 -1 0 1
t t
(c) Cardinal sine (d) Dirichlet function (e) Dirichlet kernel
1.3 Convolution
o0 a0
(z *y)(t) = J x(r)y(t—7) dr < Definition — (@« y)n] Y, a[k])y[n— K
- k=—0
— Properties:
Commutativity Associativity Identity element §
TRy =1y*x (xxy)xz = x*(y*x) = T*y*z Tx0 =1
Convolution with time-shifted pulse time-shifts
€T *® 617150 = Tty
For periodic (T' / N) signals:
T o . N-1
@O0 = [ amyt-rydr < Definition~ ;@ y)fu] Y, e[H)yln 4
0 k=0
— Properties:
Identity element Commutativity and Identity element
(time-continuous) Associativity (time-discrete)
%IIIT,O () ]—N,O
Convolution with time-shifted neutral element time-shifts
7o ® Hlry, =21y, T @ 1np = Ting

1.4 Continuous — Discrete: Sampling

5[] = 2(tn)nen (H ty—tpnq =Ty = fIL — ) z5[n] = 2(n Ty) = z(n/f,)

If z(t) has a discontinuity in ng Ts, then x[ng] = z(no Ts1).



1.5. CONTINUOUS « DISCRETE: HOLDING

If z(?) has a dirac pulse a 6(t) in ng T, then z[ng] = 7.

So:
) i g fn] = & ofn)
step(t) sampling step,[n] = step[n]

sampling rampg[n]| = T% ramp[n]

1.5 Continuous < Discrete: Holding

Impulse hold (IH) zr(t) = Ty Z 5(t —n Ty)
n=—0oo
Zero-order hold (ZOH) Vne Z,Vte (nTs, (n+ 1)nTy), zz0u(t) = z[n]
- - - xzou(t) =Ts 2 n] —xz[n —1]) step(t — n Ts)
n=—0w

First-order hold (FOH,

linear interpolation) Vne Z, Vie (nTS’ (n+ 1)nT5),

zron(t) = z[n] + ((t —~ nTs)%j[w

- rrou(t) =Ts Z z[n+1]—2z[n]+z[n—1]) ramp(t—n Tj)
SN
T, NS
- t/T,
#[n] .0, HT; o .
-+ Bl |}— z[n] - Lo () [n] B s1()

(f) Impulse Hold (g) Zero-order Hold (h) First-order Hold
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1.6. FOURIER ANALYSIS

1.6.1 Parseval theorem

Fourier transform preserves energy. If Ex finite:

o]

jx[n]|?

<t>~Ex:f

—0

|]:cc$(f)|2 : f — |‘7:dcx(f)|2

[ 17t a

or

|]:dcl‘()‘)|2 : f — |ch$()\)|2

o]

[n] — E.

n=—a

(— its integral over frequency gives the energy).

1.6.2 Symmetry properties

The following symmetry properties hold V.F:

Signal Transform

Real P Real part is even,
imaginary part is odd

Imaginary » — —o* | Real part is odd,
imaginary part is even

Even L= x Even

1.6.3 Fourier properties

Fourier transform

conv.

Flzy)=FrxFEy

(hs

prod.

if z(t)=¢"""70" then

Ex(f)=0(f - fo)

sinus

comb

Fourier series

Falz®@y) = Fax Fay
Failzy) = Fax = Fay

. 1
if (t)=c’*"T" then

Faalk] = 6l — 1]

EII=1

> lefn]f?

1/2
f Fax WP d\
/2

is the energy spectrum

Signal Transform
0Odd r=—r Odd
Even‘ real.part, v= & | Real
odd imaginary part
0Odd real part, * .
. . =—u Imaginary
even imaginary part
Fourier transform DFT

72T Agn

if zfn]=e then

Jex(A) = TI(A = Ag)

Ji.step(A) =
1 1
= ey 5 Y
1
F o Ny Ty yv,0

Filz®y) = Faxr Fyy
Falzy) = N Far ® Ky

. : 1n
if z[n]=¢’*"~" then

1
de[k] = F 1N_D[ZL’ — 1]

For “sinus” — “modulation” and for time-scale see the Complex Transforms Properties (Section

1.7.2).
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1.7 Complex analysis

1.7.1 Two-sided Laplace transform (}F..) vs. z-transform (1F,.)

If Feex(f) = S(iOOO x(t)ed 27 It dt does not converge, A.F.. — we will use Laplace transform.

If Faer(N) =X x[n]e™7 27 A" does not converge, F;. — we will use z-transform.
Laplace transform z-transform
L:x(t) — Lx(s) Z:z[n] — Zx(2)

La(s) =fo x(t)e *tdt Za(z) = ). a[n]z"

—®© n=—uo

Laxrg = TsZx(e™5T5)

Convergence domain: Convergence domain:
Y = {5 | Omin < %{5} < Uma:c} Yy = {Z | Pmin < |Z| < pma:c}
R S

7 7

Omifhn  Omax R /é ?/ R
7 7

(On boundaries (s = o or |z| = p) the transform can exist,
but we need theory of distributions to derive this transform properly)

For causal signals (z(t) = 0 Vt < 0)) For causal signals (z[n] = 0 Vn < 0))
— Y, = right half-plane. — ¥, = outside a disk.
For anticausal signals (x(¢t) =0Vt > 0))  For anticausal signals (z[n] = 0 Vn > 0))

— ¥, = left half-plane. — Y, = is a disk.
If ® = 0 is included in X, If |z| =1 is included in ¥,
- ccx(f) :E‘r(] 27 f) —>chx()\) ZZ.T(GJ 271')\)

Omin and Opq, are the real part Pmin and Ppmae are the modulus

of poles of the Laplace transform. of poles of the z-transform.

There is no pole in X, There is no pole in ¥,



1.7. COMPLEX ANALYSIS

Inverse Laplace transform
For the inverse transform X, is needed
Choose a 0 s.t. {s|R{s} =0} < X;:

z(t) = foo Lx(o + j2rf) [e(a+j27rf) t]df

Inverse z-transform
For the inverse transform X, is needed
Choose a p s.t. {z ]| |z]| = p} < Xy

1/2 . n
z[n] = J Zzx(pe’ 2m )‘) [,oeﬂ“] d\
—1/2

The signal is decomposed as a sum of damped cisoids.

1.7.2 Complex transforms properties

Property: Laplace transform: z-transform:
— Linearity: L(x+y)=Lx+ Ly Zx+y)=Z2Zx+ 2y
(S0 0 5y] Sty
L(az)=aLlx Z(ax)=aZzx
Yo =Xz
— Time-shift: Lx14,(5) = e 510 Lx(s) ZzW)(2) = 2k Zx(2)
Yo =2g
— Modulation B at _ an
Ly(s) = Lx(s —a) Zy(z) = Zx(ze™)
Yy=Xs+a

— for Fourier:

Wa=j2nfoll

la=j52mAo l]

(Modulation)
]:ccy(f) = fccx(f - fO) ]:dcy()‘) = ]:dcx(A - >\0)
— Derivative: Li(s) =s Lx(s)
Zx - 2:1:

— Integral: Lz (s) = 1 La(s)

[X2 0 {s[R(s) > 0}] = 0
— Time-scale: Lz40(s5) = +/|a|Lz(as) Zrno(z) = Za(2N)

Ean = 2]x/a“ ZIENV() = ;/N

— for Fourier: F F
(Time—scale) ccma,D(f) ( ccx(f)) %’0
— Convolution: L(x=xy)=LxLy Z(xxy)=ZxZy

11
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1.8 Transforms summary
1.8.1 Continuous time
Laplace transforms (« € C, k € N*)
‘ | 2(t) = | Lax(s) = | R(s) €
Dirac pulse o(t) 1 R
0 ift<o0 1
Step step(t) = ¢ 3 ift=0 = 10, +00]
s
1 ift>0
1
Ramp ramp(t) = t step(t) — 10, +o0[
5
Causal damped e " cos(wt + ¢) step(t) (s +a) cosf — w;mqﬁ | — a,+oo|
sinusoid (a € R) (s+a)” +w
1
Causal damped e " step(t) ] — (), +o0[
o s+«
cisoid
Generalization ! tF e step(t) ! - ] — R(a), +o0]
(k1! (s+a)
1
Anticausal damped e " step(—t) ] — oo, —R(a)]
- S+
cisoid
. . 1 k—1 at I
Generalization — t" e step(—t — 00, —R(«
T | | (o]
2
Damped —oltl 3 “ 5 ] = R(a), R(a)]
cisoid (R(ar) > 0) @ =S
i 1 o s
. 1 ?f|t|<2 l.(ef—e75) if s£0
Rectangular window rect(t) = % ift = :t% s R
. 1 ifs=0
0 otherwise
Fourier transforms (continous time) (f, € R)
| | =) = [ Zx(]) =
Dirac pulse o(t) 1
0 ift<0 1
Step step(t) = 4 3 %ft:() j27rf+7 o(f)
1 ift>0
1oif | <3
Rectangular window rect(t) = & ift =+3 sinc(f)
0 otherwise
sin (7 t) -
Cardinal sine sinc(t) = mt b? t#0 rect(f)
1 sit=0
sin(N 7 t) fth 1 N-1 N—1
Dirichlet function diricy (t) = { NV sin(rt) ' — of———+k
N () {(—1)““ tiez | N 20U g b
Dn(t) = Ne 7™ W= qiricy (1) | vy
o N—
Dirichlet kernel _ i 2Tkt Z o(f + k)
k=0
k=
Unit constant 1 5(f)
Cisoid ef ot 5(f = fo)
+oo
Comb OI(t) = > 6(t—k) LLI( f)
k=—o00




1.9. SAMPLING OF A DISCRETE-TIME SIGNAL. SHANNON THEOREM 13
1.8.2 Discrete time
z-transforms (o« € C, k € N*, N € N¥)
‘ [ z[n] = | Za(z) = | |z €
if
Pulse d[n] = 0 1 n70 1 R
1 ifn=0
0 ifn<0 1
St t = 1,
P step[r] {1 ifn >0 1—2 ! I, +ecl
=T
Ramp ramp[n] = n step[n] : — 11, +o00]
(1—z")
1
Causal damped (—a)" step[n] —_— lle, +o0]
cisoid lt+az
. n+k— 1) n 1
Generalization —«) step|n —_— af, 400
("2 ") e sen T Jol,-+oc]
1
Anticausal damped —(—a)" step[—n — 1] — ] — oo, |a]]
cisoid 1+az
Generalizat 0t () o steplon - | J o0, fall
eneralization — —a) " step[-n—k] | ———— — 00, |a
k-1 P (1+azhH
= T T T
Damped (—a) - + 1 =1 Jlaf, —I
cisoid (Ja| < 1) l+az taz o
. 0 ifn<0 1=V gp 2
Rectangular window recty[n]=¢1 if0<n<N-1 1—z ] R
0 ifn>N-1 N ie=l
Fourier transforms (discrete time) (A\y € R, N € N¥)
| [«fn] = [ Fer() =
if
Pulse on] = 0 l n#0 1
1 ifn=0
0 ifn<0 1 1
St t = ——— + = LI(A
e stepf) {1 o L3 Y
0 ifn<0
Rectangular window recty[n] =<1 f0<n<N-1| Dy(})
0 fn>N-1
Unit constant 1 II(A)
Cisoid /I Aom I\ — )g)
1 ifFeZ 1
Comb 1 = N — I y(\) =TI(N A
o ~oln] {O otherwise VN ¥ o) (V')

1.9 Sampling of a discrete-time signal. Shannon theorem

zs[n] = z(n Ty),

]:ccx(f>

x(t)e 727 It dt,

= SO_OOO

Faexs(N)

Yoo Ts[n]e T2

Is it possible to recover the continuous time signal x from the sampled signal z47
In the spectral domain: is it possible to recover F..x from Fgy.x?

1
~ —FgeTs

fccx(f) f

(J{) — under what assumptions is not an approximation?
S
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We can write Fy.xs with respect to F.x: 1

fdcxs@):fdcxs( ) = 7 2 Foet(f =1 )

— 80, Fycxs is the sum of F..x replicas shifted every fs (is a periodic Fourier transform). So,

if fnae < J;—S the spectrum is not distorted in the frequency band [—%, %] But if fiae > %

the spectrum is distorted around half the sampling frequency. This is called aliasing.

Shannon theorem: Under the Shannon condition: Fe.x(f) =0 Vf ¢ [— L, 5] then:

S
fs

) vrel-2 5

—Fccx(f) = 2779

;Sfdcws (

In the time domain, this leads to the Whittaker-Shannon interpolation formula:

z(t) = Z xs[n] sinc(t — nTS)

neN s

S

= f? is the Shannon/Nyquist frequency.

1.10 Decimation of a discrete-time signal

x%’o[n] = z[N n]

Is it possible to recover the signal z from the down-sampled signal z1 7
N b
In the spectral domain: is it possible to recover Fy.x from Fye.x1 7
N

We can write ]:dcx%,o with respect to Fy.x: 2

l
fdc:E 1 O(N )\ - I_Z_:oo fdcx ()\ - N)

— 80, Fyex 10 is the sum of Fy.x replicas shifted every % This is periodic with period %

”Decimation” theorem: Under the condition: Fgex(\) =0 VA ¢ [ — 51— ﬁ] then:

1 1
. . = . (n—kN
In the time domain — z[n] = Z :1,%70[16] smc( )

k=—00

= W is the limit frequency.

'Proof on SIPRO Book.
2Proof on SIPRO Book.
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